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( ) VaR
a X VaR 3 XY
VaR_ (X) = inf{x € RIFy(x) = a} (1 Cc .
F,(x) X a 1" VaR ;
a=0.95 0.99. X (1) VaR (X + C) = VaR (X) +C;
VaR,(X) = F;'(a). (ii) VaR ( CX) = CVaR,(X);
VaR (iii) X<Ya.s. VaR, (X) <
“ 7 VaR_ (V).
. VaR
1 1 ES.CTE.CVaR
10 . 10 . 1 1" X
; ES,(X) = E(X - VaR (X)),
0.5 . 0. 02. A ( Expected Shortfall ES).
100 CVaR,(X) = E(X - VaR,(X) | X > VaR (X))
' B 100 ( Conditional Value at Risk
Lo Ly CVaR) .
2 2
| CTE,(X) = E(X| X > VaR, (X))
E(L,) =100 x0.5 x0.98 = 49. X ( Conditional Tail Expectation
CTE) .
B Y, = {0 L, = 1 ¥
0.5
100 ESa( X)
>y, .
& ES.(X) = j F(X) dx.
100 100 VaR( X)
E(L) =E(YY) = >0.5x0.98 =49.
i=1 i=1
2 CTE, (X) :(fVHR(X)xdF(x))/(P(X>VaRa(X))) =
2 2 1 “
.2 ([ VaR,dg) /(1 - ) (2)
Var(L,) = (100 x0.5)2 x0.98 x0.02 =49 (2)
Var( L,) = 100 x0.5* x0.98 x0.02 = 0.49 ( Tail Value at Risk TVaR) 7.
2" X ae(0
A 2 1) :
VaR CTE,(X) = VaR, (X) +ES_(X) /(1 - )
CVaR,(X) = CTE(X) - VaR_(X) =
0 x<0 ES(X) /(1 -a).
F,(x) =40.02 0<x <50 2 1 1 B
1 x = 50 ) A
a =0.95 (1) VaRyos(Ly) = ESoos(L,) = E(L, —50) , = 100 x 0.98 -0 x
30. B 0.02 =98
(L, - E(Ly))/ J/Var(L,) ~ N(O 1) CVaR,os(L,) = ESyos(L,) /(1 -0.95) = 1960

VaR, os( Lg) = Z, o5 o/Var(Ly) + E(L,) = 50.15.
VaRgos( L) < VaRgo5( L) - VaR

A B

CTEyos(Ly) = VaRyes(L(A)) +CVaR,e(L,) =
2 058.
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2
CVaRg os(Lg) = ESy45(Ly) /(1 -0.95) =0 . Fo(x) = * Fo(x)de = *
CTE,o5(Ly) = VaRgos(L(B)) +CVaRgo5(Ly) = VLD AR = f\'“R“(X)FX( A g V“R“(X)(l '

50. 15. x/B) d(1 +x/B) = B(1 -a) /(0 -1);
ES .CTE
CVaR B . CVaR,(X) = ES(X) /(1 -a) =p(1-a) "/
(6-1);
2
CTE(X) = E(X| X > VaR (X)) =
( Pareto) (. oy (8= VAR, + VaR, (X)) dFy()) /
V. Pareto (P(x > VaR,(X))) = (ES,(X) + VaR(X) (1 -
a)) /(1 —a) = VaR (X) + ES(X) /(1 - a) =
B((1-a) ™ =1) +B(1 —a) /(0-1).
13 3
2 X
F(x:0B) =1-(B/(x+B)) " x>0.
X o B 0B VaR
X ~ Pareto( 0 B) .
. 0+1 X n
Xﬂxﬁ B) =0/(B(1 +x/8)"") x>0 X, X, o X, 0.8
po=E(X) =p/(6-1) o 0.5
o’ = Var(X) =8°/((6-1)*(0-2)).
<2 X L( 6 B) ]‘[ (1 +x,/8) "'/B).
6 > 2. -
X Pareto( 0 n
(6 B) =nin(6/8) —(6+1) Z]n(l +x,/B) .

i=1

B) F(x;08) =1-(B/(x+B)) " =«
o6 B

F'(x08) =p((1-2)7""-1). X
0
VaR (X) =8((1 -a) " -1). .
ES.CTE n/6 - gln(l +x,/B) =0
CVaR. .
1 X ~ Pareto( 6 B) _n+(0+1)21(xi/(xi+ﬂ)) = 0.
0 >2 X 0 B
ES,(X) =8(1-a) ""/(6-1); n
CVaR {gw = n/( ;1 n(1+X./B,))
CVaR (X) =8(1-a) /(6 -1);
X“( ) =AU ) (6, +1) 21 (X/(X, +8,)) =n
CTE(X) =B((1 -a) ™ =1) +B(1 —a) "/ ) )
(6-1). ) 0 B
ES i:%ix SzZ%i(X_)?)z

©

ES(X) = E(X—VaRa(X))+:_LHR(X)(x_

a
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{X:,B/(e—l) 5 (af %)
S =68/((0-1)(6-2)) o, o
0-p 3 VaR.( X)

A _
[aL =258/(S - X%)
A

L= XS+ X)) /(S - X,
VaR 2.
2

VaR,(X) = X( 8 + X%) ((1 = a) (527029 _

1) /(S - X?)
ES

ES(X) = X(1 - a) ¥/

CVaR

CVaR,(X) = X(1 - @) (¥-52/29
X CTE
GTE(x) = TAR(N) + K(1 - ) 59409
VaR,(X) . ES,(X).

n — oo

CVaR,( X) .CTE,( X)

n— o©

- a.s.

XU EN) = pAe-1) LYt e

=LY XIS B() - (X)) =
n =

Var(X) = 68°/((0-1)%(6-2));

VaR,(X) = X(S* + X*) ((1 —q) (51729 _

/(S -X) Z58((1-a) " =1) = VaR,(X).

ES,(X) .CVaR,(X)  CTE(X)
X s
ES.(X) .CVaR,(X) CTE,(X)
Y, = X

(X, Y)(i=12 - n) (X V)
X v "
Var(X) =o7=68"/((0-1)°(6-2))
Var(Y) = o7 =46(50 -11)8'/((0-1)*(6 -
2)(6-3)(0-4)) >4
Cov(X V) =0, =468 /((6-1)7(6-2)(6-3)).
(XY) 3

Ja(VaR,(X) = VaR (X)) —— N(0 o7)
012= Plzo-f+ 2P, Qo + Q,za'_f
P,=(60-1)(20-3)((1 -a) " -1) +
200 -1)%(6-2) M/§°
Q=-(6-1)(0-2)°((1-a) " -1)/

(28) -(0-1)°(0-2)°M/(26°B)
M=(1-a) In(1-aqa).
2
X\ (E(D) L
A
E(X) =B/(6-1) E(Y) =E(X") =28"/((6-
1)(6-2)). VaR, (X)
gi(xy) =ay((1—a) PFCO0 1y /(y -
2x°) y # x.
(E(X) E(Y))

dg,(x y) /ax A P, = ((6-1)(20-3)((1 -
@ " -1) +2(6-1)%(0-2)(1 -a) In(1 -
Q) /6

dgi(x ) /9y £ Q, =-(6-1)(0-2)"((1 -
a) T -1)/(28) - (0-1)7(60-2)"(1 -a) e
(In(1 -a)) /(26°B) ;

VaR,(X) =g, (X Y) VaR (X) = g,(x )

, 13 14
Cramer

[n(VaR,(X) - VaR (X)) ——

N(o (P, Q"Z(I;)) = N0 o).

~

ES,(X) .
CVaR,(X) .CTE,( X)
4 ES,(X) |
CTE,( X) .CVaR,( X)
Jn(ES,(X) —ES,(X)) — N0 o?)
Ju( CVaR,(X) - CVaR,(X)) —— N(0 o?)
Jn(CTE,(X) - CTE,(X)) ——N(0 o?);

2
g;
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0'i2: Pfaf +2PiQi0-x) + Qizo'f i =234 3
Py=(1-a'"™ +2(0-1)*0-2(1 - 4
o) M/

0, =-(60-1)(6-2)*(1-a)M/(20°B)
P,=(1-a) " +2(0-1)%(6-2)M/¢

6 B
_ _ Ay 2 2
Oy =-(6-1(0-2)"M/(26 [j) X, X, X, 3 VaR.ES.
_ _ _ R _
1)2(0—2)(1n(1—a) +M)/02 m = 10 000 n 9\,3
Q ==(6-1)(60-2)"((1-a) " -1)/(28) - m
(6-1)%(6-2)"M/(6°). . 1~ 4
1 Pareto (@ =0.95 n = 100)
(68 VaR, VaR,( X) MSE, ES, ES,(X) MSE,
(3 2.5) 4.286 0 4.150 5 0. 668 2 0.169 7 0.136 5 0.673 4
(3 3.0) 5.143 3 4.992 4 0.986 0 0.203 6 0.1615 0.992 8
(3 4.0) 6.8577 6.636 2 1.706 4 0.281 4 0.216 1 1.718 6
(4 4.0) 4.459 0 4.329 8 0.497 9 0.141 0 0.1227 0.500 8
(54.0) 3.282°3 3.208 2 0.244 1 0.091 0 0.081 2 0.245 3
2 Pareto (a =0.95 n =1 000)
(6P VaR, VaR,( X) MSE, ES, ES,(X) MSE,
(32.5) 4.286 0 4.243 5 0.073 5 0.169 7 0.157 1 0.074 7
(3 3.0) 5.143 3 5.091 3 0.1055 0.203 6 0.187 0 0.107 3
(3 4.0) 6.857 7 6.778 4 0.1918 0.271 4 0.250 1 0.194 7
(4 4.0) 4.459 0 4.4317 0. 056 4 0.1410 0.136 0 0.057 0
(5 4.0) 3.2823 3.368 7 0.026 4 0.091 0 0.089 4 0.026 7
3 Pareto (@ =0.95 n =100)
(6P CVaR, CVaR,( X) MSE, CTE, CTE,( X) MSE,
(3 2.5) 3.3930 2.703 3 2.592 1 7.679 1 7.804 3 8.921 6
(33.0) 4.071 6 3.2158 3.7350 9.214 9 7.119 4 12.900 4
(3 4.0) 5.428 8 4.328 2 6.638 4 12.286 5 6.981 3 39.870 7
(4 4.0) 2.8197 2.430 4 1.683 7 7.278 6 6.288 6 6.579 1
(5 4.0) 1.820 6 1.632 0 0.682 1 5.102 8 6.652 2 8.822 4
4 Pareto (a =0.95 n =1 000)
(68) CVaR, CVaR,( X) MSE; CTE, CTE,( X) MSE,
(3 2.5) 3.3930 3.1239 0.547 4 7.679 1 9.348 3 7.027 4
(33.0) 4.071 6 3.769 2 0. 806 0 9.2149 9.398 9 3.870 1
(3 4.0) 5.428 8 4.992 1 1.405 2 12.286 5 8.061 7 21.024 7
(4 4.0) 2.8197 2.714 9 0.306 6 7.278 6 7.278 6 1.803 5
(5 4.0) 1.820 6 1.787 7 0.682 1 5.102 8 7.265 4 6.3720
l ~ 4 0\B\n
VaR_( X) .ES_( X) .CVaR_( X) .CTE_( X) . VaR,_( X) ES,
VaR,(X) . ES.(X) . CVaR, (X) . CTE,( X) ( n=1000=3p8=3
1 ~ MSE, =0.986 0 MSE, =0.992 8)

4 . CVaR,(X) .CTE (X) 2



216 ( ) 2021

J . 2015 32(5):
667-676.
5 8 Artzner P Delbaen F Eber ] M et al. Coherent measures

of risk J . Mathematical Finance 1999 9( 3) : 203228.
1 Gelman A Carlin J B Stern H S et al. Bayesian data 9

analysis M . New York: Chapman-Hall 1995.

Albrecher H Kortschak D. On ruin probability and aggre—
gate claim representations for pareto claim size distribu—
2 Szegb G. Measures of risk ] . European Journal of Opera—

tional Research 2005 163( 1) : 549.
3 Denuit M Dhaene J Goovaerts M et al. Actuarial theory 10

tions J . Insurance: Mathematics and Economics 2009

45(3) :362373.

for dependent risks: measures orders and models M .
Chichester: John Wiley and Sons 2005.
4 Chen Chen Zhang Limao Tiong R L K. A novel learning

J. 2019 23(4):1333.
11 Sarabia ] M Gomez-Déniz E Prieto F et al. Risk aggrega—
tion in multivariate dependent Pareto distributions J . In—

surance: Mathematics and Economics 2016 71:154-463.

cloud Bayesian network for risk measurement J . Applied

Soft Computing Journal 2020 87:105947.

12
5
J. 2019 35(3) :249-262.
7. : 2019 36(6):
13 . M .2
3541.
2006.
6
] 14 . Copula
’ : ; 2018
2020 44(3) : 269274, !
; ‘ ) Vit 42(1) :1922.

The Statistical Analysis of Risk Measure in Pareto Risk Model

WEN Limin LI Junxue WANG Zhengwu LI Wei
( School of Mathematics and Statistics Jiangxi Normal University Nanchang Jiangxi 330022 China)

Abstract: In the Pareto risk model the relationship between the VaR and its associated risk measure is discussed
and the expressions of value at risk expectation shortfall tail value at risk and conditional value at risk are given.
Furthermore the estimation of these risk measures is obtained by using the maximum likelihood method and the mo-
ment estimation method and the consistency and asymptotic normality of those estimators are also proved. Finally
the numerical simulation method is used to verify the convergence rate under different samples.

Key words: value at risk; risk measure; consistency; asymptotic normality



