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Abstract: The appropriate use of unidimensional and multidimensional IRT requires the knowledge of the correct

number of constructs assessed by an educational measurement. Factor analysis may be used to determine the num—

ber of constructs ( or factors) that a set of test items really measures by providing a description of the underlying

structure of the test. Several rules have been suggested by researchers about how to decide the number of factors

to retain in factor analysis. It should be noted that there are a number of variables that contribute to the inaccura—

cy and inconsistency of the decision rules. The study suggests a simulation method for selecting the appropriate

rule to decide the number of factors for a specific data set.
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0 Introduction

Unidimensional Item Response Theory models are
helpful when only one construct is measured by the
test. When the unidimensionality assumption holds
each item on the test only measure one ability trait or a
specific combination of traits. However psychological
processes have consistently been found to be more com—
plex than they first appear and an increasing number of
educational measurements assess an examinee on more
than one trait factor ' . Multidimensional IRT is a
methodology that shows promise for dealing with this
form of complexity in psychological assessments * . If
the dimensionality of response data is established the
appropriate unidimensional or multidimensional IRT
model is applied to estimate item parameters. The ne—
cessity arises then to determine the number of trait
factors assessed by an educational measurement. Factor
analysis may be used to determine the number of con—
structs (or factors) that a set of test items really meas—
ures by providing a description of the underlying struc—

ture of the test ° . The purpose of this paper is to show
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how factor analysis can help assess the dimensionality
of an educational measurement and a simulation ap-—
proach is introduced to select the correct method to de—
termine the number of factors to retain.

This paper is structured as follows. First factor a-
nalysis is briefly reviewed. Of particular interest is the
discussion of the factor analysis for items scored in two
categories. Then a review of different rules for determi—
ning the number of factors to retain will be undertaken.
Next using the factor analysis to assess the dimension—
ality of a real test will be conducted. Due to the incon—
sistency of the different decision rules and the uncer—
tainty of the correct number of factors and also consid—
ering the fact that the impact of various conditions ( for
example the number of variables and component satu—
ration etc.) on the different rule’ s accuracy is unlike—
ly same a simulation study will be performed to select
an relatively accurate decision rule to determine the
number of factors in the particular condition of this real
test. Finally the future research possibilities will be

discussed.
0.1 Factor Analysis

Factor analysis is a data reduction statistical tech—
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nique attempting to explain the pattern of correlations
of a set of observed variables by identifying a smaller
set of latent variables or factors. This is obtained by
factoring the Pearson Product Moment correlation ma—
trix of the observed variables into a pair of matrices: the
correlation matrix between factors and the factor by var—
iable weight matrix. There are two basic models in fac—
tor analysis: component factor model and common factor
model. In component factor model there is no error
term appeared in the model. It is assumed that the fac—
tors of the model can perfectly explain the observed
variables and also any observed error should be ex—
plained as the unfitness of the model to the data. In the
common factor model the factors are divided into two
groups: common factors and unique factors. Common
factors are those contributing two or more variables in
the model. Tt is assumed each variable can’t be ex—
plained by common factors perfectly. Each variable of
the model has the unique variance independent of other
variables. That is the total variance of each variable is
explained by both common factors and unique factors.

However the traditional factor analysis procedures
produce meaningful and interpretable results only if the
variables being analyzed are truly continuous and also
multivariate normally distributed. Dichotomous items
are obviously problematic. I. G. Bernstein and G.
Teng * argue that applying the traditional factor proce—
dures to the polytomous—scored often produces just as
bad results as the dichotomous items if not worse than.
One of the recommendations is to conduct a traditional
factor analysis on the tetrachoric correlations matrix in
the case of dichotomous data or the polychoric correla—
tions matrix in the case of polytomous data rather than
on the matrix of pearson correlations. The tetrachoric
and polychoric correlations assume that the latent varia—
bles underlying the observed dichotomous and polyto—
mous variables are continuous and each latent variable
has threshold values that discretize the latent variable
to produce dichotomous and polytomous scores. Factor
analysis of tetrachoric or polytomous correlation matri—
ces are essentially factor analyses of the relations a—
mong latent response variables that are assumed to un—
derlie the data and that are assumed to be continuous
and normally distributed ° .

Another approach is to conduct a full information
factor analysis a factor analytic technique based on the
latent trait model. This approaches bypasses the prob—
lems associated with correlations matrices entirely uses

all of the information contained in the response category

pattern frequencies o,
0.2 Rules for Determining the Number of Factors

It is critical to extract the correct number of fac—
tors. Both the over-and underHactoring will distort the
definition of major factors ’ . There are a number of
rules having been suggested by researchers to deter—
mine the number of factors in factor analysis. However
the decisions by different rules are often not consistent
with each other. Thus it is essential to select the appro—
priate rule to decide the number of factors. In this pa—
per four widely-used rules are discussed. These rules
are: Kaiser-Guttman rule; the scree test; Velicer’ s min—
imum average partial test and the parallel analysis
method.

0.2.1 Kaiser-Guttman Rule ( K1)  The K1 rule *

is the default option on many statistical packages ( i.

e. SPSS) . It simply states that the number of factors is
equal to the number of factors with eigenvalues greater
than 1.0. The K1 rule is obviously considered leading
to deceptive results ' .

0.2.2 Scree Test

Cattell " . The idea in the scree test is that if a factor

The scree test was developed by

is important it will have a large eigenvalues ( vari—
ance) . In the scree plot of eigenvalues extracted from a
full correlation matrix against their serial order start
with the smallest eigenvalues to draw a straight line
from right to left ensuring that the line capture as many
of the eigenvalues as possible within close proximity to
the line. If there are still a great number of eigenvalues
above the line start with the smallest eigenvalues not in
the first line and draw another straight line according
the same rule. This process is stopped when the number
of eigenvalues left is small. Then the factors above the
lines in the plot are kept. These are the important fac—
tors which account for the bulk of the correlations in
the matrix.

0.2.3 Velicer’ s Minimum Average Partial Test
( MAP)  Velicer’s "' MAP test is a method based on
the examination of the matrices of partial correlations
following the factor analysis. The idea of the MAP test
is that factors should no longer be retained when there
are more unsystematic variances than the systematic va—
riances in the partial correlation matrix. Initially the
average squared correlation in the original correlation
matrix is calculated. Then the first factor is partialed
out of the correlation matrix of the observed variables
and the average of the squared partial correlations in
the offdiagonals of the resulting partial correlation ma—

trix is calculated. Similarly the first two factors are par—
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tialed out of the correlation matrix of the observed vari—
ables. Likewise the average of the squared partial cor—
relations is computed. The computation is stopped until
all the k- factors are partialed out of the correlation
matrix while % is the number of observed variables. Or—
der the k- average squared partial correlations. If the
average squared correlation in the original correlation
matrix is lower than the lowest average squared partial
correlation then there is no factor in the data set. Oth—
erwise the corresponding number of factors partialed
out of the correlation matrix that results in the mini-
mum average squared partial correlation is the number
of factors to retain.

0.2.4 Parallel Analysis > Parallel analysis ( PA)

involves randomly simulating the data sets that parallel
the real data set in the cases of the number of cases
and number of variables. Horn argues that all the ei-
genvalues are 1.0 when the variables are uncorrelated
with each other at a population level. However in the
case of a sample the eigenvalues will not be the same
and the initial eigenvalues will be greater than 1. 0. In
Horn’ s original description of this procedure the ei—
genvalues obtained from the actual data set are com—
pared with the mean of the eigenvalues simulated from
the random parallel data sets. However the use of the
eigenvalues corresponding to an appropriate percentile
(typically the 95™) of the distribution of the random
data eigenvalues as the comparison baseline is recom—

1344
mended

. The factor will be retained if the eigen—
value of this factor from the real data set is greater than
the corresponding mean or specific percentile eigenval—

ue from the random data sets.

1 Method

This study uses the data from a national testing
program of Canada. It was a quantitative measure con—
sisting of 78 items completed by 9 294 candidates. All
the 78 items are dichotomously scored. Thus the tradi—
tional factor analysis is not appropriate for the data.
First the tetrachoric correlation matrix is estimated for
the entire 78 items utilizing the TESTFACT program.
The matrix for the entire scale is then subjected to fac—
tor analysis in the SPSS program using the principle
component extraction method. The estimation of the 78
eigenvalues and scree plot are achieved. The number of
factors to be retained by the K1 rule and scree test is
determined respectively. However the popular statisti—

cal software package such as SPSS and SAS doesn’ t

provide the MAP test and parallel analysis for users.
The SPSS syntax for these two tests programmed by
0’ Connor ”

based on the 95 percentile eigenvalues of the 100 cor—

is employed here. The PA decision is

relation matrices of the randomly generated data sets
with the same number of items and examinees as the
real data set. The number of factors in the MAP test is
determined by the step number that results in the low—
est average squared partial correlation.

The purpose that the simulated data of a known
number of factors are used here is to examine the rela—
tive accuracy and consistency of the four decision rules
with a known criterion in the particular condition of the
real data set used in the study. Thus all the simulated
data sets should be compared with the real data set. For
each simulated data set the comparison of the number
of factors determined by each of the four rules ( K1
scree test MAP and PA) with the known number pro—
vide us an objective criterion to select the correct rule
to determine the number of factors to retain for the real
data set.

Inspection of the loading matrix of the real data
set factor saturation the magnitude of the loading of
each item is low range from 0. 1 to 0. 3. Thus the
number of factors to be used for the simulation is set
moderately small. 1 3 and 6 factors are built into the
simulated data set respectively. Because the test has
many open-ended items all the pseudo-guessing rates
are set to zero. The 78 items of the real data set are
then fit into 1- 3— and 6-solution non-chance full infor—
mation item factor model using TESTFACT to obtain
the related parameters subsequently used to simulate
the data set of corresponding number of factors. Conse—
quently three sets of parameters for each solution used
as the basis for simulating data are estimated: the
standard item difficulties the factor loadings and the
population means of factor scores.

Next the three sets of parameters for each solution
are used to simulate 5 data sets 5 x3 =15 data sets to—
tally for all the solutions with the same number of ex—
aminees as the real data set. Each simulated data set
was compared to the real data set on item difficulties
factor loadings and means of factor scores. Then for
each simulated data set the tetrachoric correlations are
estimated using the TESTFACT program. The tetra—
choric correlation matrix is subsequently subjected to
SPSS utilizing principle component extraction method to
obtain the corresponding number of factors determined

by each of the four decision rules.
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2 Results

For the real data set each of the four decision
rules leads to a different estimate of the number of fac—
tors. The principle component extraction results in 20
factors with eigenvalues greater than 1 ( K1) . Inspec—
tion of the scree plot ( Figure 1) indicates the data is
essentially unidimensional but shows some indications
of minor secondary dimensions since the second line is
somewhat steeper than the first line. Figure 2 shows the
plot of the observed and the 95 percentile random ei—
genvalues of 100 generated data sets against factor
number and indicates that 14 factors should be extrac—
ted since there are 14 observed eigenvalues greater
than the corresponding random eigenvalues. The MAP
test shows 4 factors should be retained since the aver—
age squared partial correlation obtains the lowest value
when the first four factors are partialed out of the tetra—

choric correlation matrix.

Figure 1 Scree plots for the real data set

Figure 2 Parallel analysis for the real date set

Similarly the number of factors determined by
each of the four decision rules is estimated foreach set
of simulated data. The difference between the number
of factors determined by each of the four decision rule
and the known population number of factors is calculat—

ed respectively. A positive difference shows that the de—

cision rule overestimates the number of factors while a
negative difference indicates the underestimation of the
number of factors by the decision rule. A zero differ—
ence is a perfect estimate by the decision rule. The av—
erage difference and standard deviation among the 5
data sets for each rule for each solution are calculated
( Table 1) . On the whole a low average difference and
standard deviation suggests the decision rule is accurate
and consistent in the particular condition of the real da—
ta set. Consequently this decision rule can be used to
decide the number of factors for the data set. Table 2
presents the performance of four rules for each simula—
ted data set. The first row of table 2 shows the number
of factors estimated by the four rules and the difference
between the rule-determined number of factors and the
known value for the first simulated 14actor data set.
There are 19 eigenvalues greater than 1 so the K1 rule
produces a positive difference of 18 an overestimation.
Inspection of the scree plot ( series 1 figure 3) sug—
gests the data is quite unidimensional. Thus the scree
plot produces a zero difference a perfect estimation.
Likewise the MAP method ( table 1) suggests 1 factor
in the data set and present a perfect estimation since
the average partial correlation obtains the lowest value
0.000 581 when only 1 factor is partialed out of the o—
riginal matrix. Parallel analysis ( series 1 figure 4) in—
dicates 6 factors should be extracted from the first sim—
ulated 1+actor data set since the first six observed ei—
genvalues are greater than the corresponding random
eigenvalues. Parallel analysis gives a positive difference
of 5 an overestimation.

The last two rows of Table 2 present the mean and
standard deviation of the difference between the rule—
determined number and the known number of factors
for each rule. The means of the scree plot and MAP
methods are close to zero indicating the two methods
perform well the scree plot slightly better than the
MAP method. The two means are both negative show—
ing the two method incline to underestimate the number
of factors. The standard deviations of the two methods
are also quite small indicating that their performances
are consistent. The mean of parallel analysis is moder—
ately large and its standard deviation is the largest a—
mong the four methods suggesting this method gives an
overestimation and its performance is variable. The
mean of the K1 rule is the largest and the standard de—
viation is quite small showing this method consistently
overestimates the number of factors.

The scree plots and parallel analyses for the three—
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factor simulated data sets are presented in Figure 5 and

6 respectively. The scree plots indicate that there is es—

sentially one dominant factor in the data sets and the

difference between the first and second eigenvalue is

quite large compared to the difference between the sec—

ond and third eigenvalue suggesting one factor to be

retained in the simulated 3factor data sets. Parallel an—

alyses show that there are 6 9 9 7 and 6 observed ei—

genvalues greater than the corresponding random eigen—

values respectively for the five data sets.

Table 1 Velicer’s average squared correlations

Real 1factor simulated data set Real 1actor simulated data set
P dataset 2 3 4 s [P daaset 2 3 4 5
0 0.025283 0.022878 0.022025 0.023 106 0.022 123 0.023 472|| 11 0.002 996 0.002 783 0.002 779 0.002 802 0.002 786 0.002 771
1 0.002 025 0.000 581 0.000 583 0.000 688 0.000574 0.000591|/12 0.003243 0.003 082 0.003 081 0.003 087 0.003 051 0.003 055
2 0.001 908 0.000749 0.000 774 0.000 863 0.000 751 0.000 764 |/ 13 0.003 491 0.003 381 0.003 376 0.003 393 0.003 335 0.003 37
3 0.001 794 0.00094 0.000 952 0.001 042 0.000 943 0.000 942 14 0.003 742 0.003 694 0.003 65 0.003 707 0.003 636 0.003 686
4 0.001 783 0.001136 0.001 145 0.001 231 0.001 142 0.001 13 || 15 0.004 009 0.004 029 0.003 957 0.004 015 0.003 962 0.004 035
5 0.001 865 0.001 344 0.001 348 0.001 422 0.001 349 0.001 331{[16 0.004 295 0.004 377 0.004 302 0.004 343 0.004 293 0.004 345
6 0.001982 0.001 566 0.001574 0.001 637 0.00156 0.00155 ||17 0.004 623 0.004 685 0.004 641 0.004 686 0.004 627 0.004 712
7 0.002 157 0.001 793 0.001 806 0.001 842 0.001 792 0.001 756|| 18 0.004 955 0.005 036 0.004 965 0.005 032 0.004 957 0.005 108
8 0.002338 0.002 025 0.002037 0.002065 0.002018 0.001 98919 0.005308 0.005408 0.005352 0.005 384 0.005 316 0.005 49
9 0.002554 0.00227 0.002274 0.002287 0.002272 0.002257{20 0.005 649 0.005828 0.005 717 0.005735 0.005 711 0.005 922
10 0.002 778 0.002 533 0.002 528 0.002 547 0.002 525 0.002 503
3factor simulated data set 3factor simulated data set
step step
1 2 3 4 5 1 2 3 4 5
0 0.012608 0.012116  0.012196  0.013171  0.0128 83 |/ 11  0.002636  0.002618  0.002564  0.00262  0.002 593
1 0.000743  0.000717  0.000732  0.000726  0.000766 |12 0.002882  0.002861  0.002798  0.002 871 0.002 855
2 0.000802 0.000796  0.000809  0.000797  0.000804 |[13 0.003135 0.003125 0.003051  0.003 141  0.003 11
3 0.000939  0.00093 0.000 941 0.000 934  0.000 925 | 14 0.003409  0.003382  0.003313  0.003406 0.003 393
4 0.001117  0.001 116  0.001 123  0.001 117 ~ 0.001 105 |[15 0.003 683  0.003663  0.003575  0.003 68  0.003 676
5 0.001304 0.001304 0.001306 0.001306 0.00129 |16 0.003975  0.003 95 0.003873  0.003 965 0.003 957
6 0.001503 0.001502 0.001493  0.001515 0.00149 |[17 0.004281 0.004242  0.004 185  0.004 283  0.004 266
7 0.001712  0.001708  0.001683  0.001 717  0.001 69 |18 0.004579  0.004 547  0.004499  0.004 581  0.004 603
8 0.001932 0.001925 0.001897  0.001926  0.001897 |[19 0.004 889  0.004 875  0.004 82 0.004 89 0.004 941
9 0.002157  0.002163  0.002 111  0.002 149  0.002 117 |[20 0.005229  0.005203  0.005 167  0.005223  0.005 286
10 0.002386  0.002378 0.002332 0.002384  0.002 351
6-factor simulated data set 6-factor simulated data set
step step
1 2 3 4 5 1 2 3 4 5
0 0.002853  0.022756  0.002745  0.002987  0.002756 |11 0.002528 0.003426  0.00252  0.002707  0.002 591
1 0.001952 0.003903 0.001895  0.002039 0.001936 |12 0.002759  0.003661  0.002748 0.002 93 0.002 815
2 0.001643 0.002 68 0.001 593  0.001 844  0.001 7 13 0.002993  0.0038%8  0.002985 0.003169  0.003 047
3 0.000385 0.0023 0.001 439  0.001 72 0.001496 |14 0.003237  0.004 192  0.003234 0.003417  0.003 283
4 0.001344  0.002 34 0.001 357  0.001 713 0.001431 |15 0.003494  0.004 483  0.00348  0.003 674  0.003 551
5 0.001417  0.002436  0.001412  0.001 82 0.001 513 |16 0.003768  0.004 768  0.003 758  0.003 94 0.003 827
6 0.001503 0.002473  0.00149  0.002024  0.001615 |[17 0.004 055 0.005086  0.004 034 0.004 213  0.004 106
7 0.001694  0.002637 0.001687 0.001871  0.001757 |18 0.004 354  0.005388  0.004 316 0.0045 0.004 381
8 0.00182 0.002785  0.00188  0.002069 0.001959 [[19 0.004 67 0.005 716 0.004 611  0.004 801  0.004 676
9 0.002095 0.002998  0.002087  0.002275  0.002157 |[20 0.004978  0.006 062  0.004 919  0.005125  0.004 993
10 0.002305 0.003198  0.002303  0.002485  0.002 37

In step O: the average squared partial correlation is calculated in the original correlation matrix. OIn step i( i >0) : the first i factors

are partialed out of the original correlation matrix.
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Table 2 Comparison of the number of factors determined by the four decision rules

Estimation of number of factors Difference betweenthe estimation of number of

Data set factors with the known number of factors

K1 Scree MAP PA K1 Scree MAP PA
14actor 1 19 1 1 6 18 0 0 5
2 20 1 1 4 19 0 0 3
3 19 1 1 5 18 0 0 4
4 19 1 1 3 18 0 0 2
5 19 1 1 3 18 0 0 2
3factor 1 22 1 1 6 19 -2 -2 3
2 23 1 1 9 20 -2 -2 6
3 21 1 1 9 18 -2 -2 6
4 21 1 1 7 18 -2 -2 4
5 21 1 1 6 18 -2 -2 3
6-factor 1 26 6 4 11 20 0 -2 5
2 25 7 4 15 19 1 -2 9
3 25 6 4 13 19 0 -2 7
4 25 7 4 14 19 1 -2 8
5 25 7 4 11 19 1 -2 5

Mean 18.666 67 -0.466 67 —1.333 33 4.8

S. D. 0.699 206 1.146 977 0.942 809 2.039 608

Figure 3 Scree plots for the 5 1-factor simulated data sets Figure 4 Scree plots for the 5 3-factor simulated data sets
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Figure 5 Scree plots for the 5 3-factor simulated data sets

Similarly the scree plots and parallel analyses for
the six-factor simulated data sets are presented in Fig—
ure 7 and 8 respectively. The scree plots indicate there
are 6 7 6 7 and 7 factors respectively in each of the
five data sets. Parallel analyses shows there are 11 15
13 14 and 11 observed eigenvalues greater than the
corresponding random eigenvalues respectively for the

five data sets.

3 Discussion & Conclusions

The purpose of this study is to examine the accu-
racy and consistency of the four rules ( K1 scree test
MAP and PA) of determining the number of factors to
retain in the factor analysis. It should be noted that
there are a number of variables that contribute to the
inaccuracy and inconsistency of the decision rules. This
study focuses on a particular condition of a real data
set which has 78 items 9 294 examinees and low fac—

tor saturations and suggests a simulation method of se—

Figure 6 Parallel analysis for the 5 1-factor
simulated data sets
lecting the appropriate decision rule in each particular
condition. Simulation study is conducted using the
TESTFACT program to simulate data of a known num-
ber of factors that compared to the real data on the
number of items and examinees item difficulties factor
loadings and means of factor scores. Subsequently the
four decision rules are assessed by comparing the rule—
determined number of factors with the known number of
factors for the simulated data set in the particular con—
dition. The K1 rule consistently overestimates the num—
ber of factors to retain. This finding is consistent with
that of Zwick and Velicer > . The number of factors
falls in the oneorth to one-third of the number of i-
tems which is also fundamentally consistent with the
finding of Gorsuch ' . Thus the K1 rule should be
used with caution.
Parallel analysis performs slightly better than K1

but still consistently overestimates the number of factors
to retain. This finding is clearly contrary with that of

Zwick and Velicer ° that parallel analysis is consist—
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ently accurate. A possible reason for this finding is that
the factor saturations of this study are quite low range
from 0.1 to 0.3 whereas the factor saturations in the
Zwick and Velicer’ s study are set at the 0.5 and 0. 8
levels. This finding suggests that parallel analysis per—

Figure 7 Parallel analysis for the 5 3-factor
simulated data sets

On the whole the MAP method is more accurate
than the K1 rule and parallel analysis. It tends to un—
derestimate the number of factors to retain which is
consistent with the findings of Zwick and Velicer.

In general the Scree test is the most accurate
method in this study. Scree test is a relatively easy
method compared to the MAP and parallel analysis.
However a drawback in the application of scree test is
the subjectivity of the judgement of the number of fac—
find the

good interrater reliability both among naive and among

tors from a scree plot. Zwick and Velicer

judges. It will be very helpful to use several raters to
examine the scree plot in order to obtain a more relia—
ble judgement of number of factors in the future study.

In summary none of the four decision rules is

forms much better when the factor saturations are high
than the low level of factor saturations. Thus the use of
parallel analysis should be limited to the case of high

and moderate level of factor saturations.

Figure 8 Parallel analysis for the 5 6-factor
simulated data sets
quite accurate under the particular condition of the real
data set considered in this study somewhat due to con—
dition of the low factor saturations. Relatively speaking
the scree test and MAP method are more accurate com—
pared to K1 and parallel analysis.

This study suggests a simulation method for selec—
ting the appropriate rule to decide the number of factors
for a specific data set. A critical problem is the necessi—
ty of generating a large number of data sets comparable
to the real data set on a number of characteristics. The
number of items and examinees item difficulties factor
loadings and mean factor scores are considered in the
process of simulating the data in this study. Further
consideration of the comparability of the reliability of

the test the communality and uniqueness of each item
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and the number of items having non-zero loadings on
each factor should be very helpful in addressing this is—
sue. Future research that more carefully examine the
comparability of the simulated data set with the real da—

ta set may provide more accurate conclusions.
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