
第 40 卷 第 6 期 江西师范大学学报( 自然科学版) Vol． 40 No． 6
2016 年 11 月 Journal of Jiangxi Normal University( Natural Science) Nov． 2016

收稿日期: 2016-10-10
基金项目:国家自然科学基金( 11171184，11461042) 和山东省自然科学基金( Z2008A01，ZＲ2014AM011) 资助项目．
作者简介:李效敏( 1967-) ，男，山东莱芜人，教授，主要从事复分析研究．

文章编号: 1000-5862( 2016) 06-0578-09

Normal Families of Meromorphic Functions Concerning
Composite Meromorphic Functions and Fixed Points

LI Xiaomin1，YI Hongxun2，ZHANG Xue1
( 1． Department of Mathematics，Ocean University of China，Qingdao Shandong 266100，China;

2． Department of Mathematics，Shandong University，Jinan Shandong 250199，China)

Abstract: Then following result is proved: If f is a transcendental entire function，such that the family G of all
functions g holomorphic in the domain DC for which every zero of f( g) － α1 is of multiplicity ≥2，f( g) － α2

and g － α2 share 0 IM in D，where α1 and α2 are two distinct finite values，then G is normal in D． This result
extends Theorem 1 of paper in Bergweiler． The following result is also proved: If Ｒ is a rational function with
degＲ≥2 ( respectively ≥3，and Ｒ has three distinct finite fixed points in the complex plane) such that the fami-
ly F of all functions f holomorphic ( respectively meromorphic) in the domain DC for which Ｒ  f( z) － z and
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0 Introduction and Main Ｒesults

Let D be a domain on the complex plane C，and
let F be a family of meromorphic functions D． The fam-
ily F is said to be normal in D，in the sense of Montel，
if each sequence { fn }  F contains either a subse-
quence that converges to a meromorphic function uni-
formly on each compact subset of D，or a subsequence
which converges to ∞ uniformly on each compact sub-
set of D，see，e． g．，Hayman［1］，Schiff［2］ and Yang［3］．

Let f and g be two nonconstant meromorphic func-
tions in the complex plane，and let a be a value in the
extended plane． We say that f and g share the value a
CM in the complex plane，provided that f and g have
the same a-points in the complex plane and each com-
mon a-point of f and g has the same multiplicity related
to f and g． We say that f and g share the value a IM in
the complex plane，provided that f and g have the same
a-points and each common a-point of f and g is coun-

ted only once． We say that f and g share a CM in D，
provided that f and g have the same a-points in D，and
each such common a-point of f and g has the same
multiplicity related to f and g． We say that f and g
share a IM in D，provided that f and g have the same
a-points in D，and each such common a-point of f and
g is counted only once［4］． Throughout this paper，we
denote by μ( f) ，ρ( f) and λ( f) the lower order of f，the
order of f and the exponent of convergence of zeros of f
respectively［1，4-5］． If μ( f) = ρ( f) ，we say that f is of
regular growth． The iterates f n : Dn → C of a holomor-
phic function f: D→ C are defined as D1 : = D，f 1 : =
f and Dn : = f －1 ( Dn－1 ) ，f

n : = f n－1  f for n∈ N，n≥
2 ． Note that D2 = f －1 ( D1 )  D = D1 and thus
Dn+1 Dn  D for all n∈ N，which can be found，e．
g．，in Ess'en and Wu［6］ and Bergweiler［7］． Let D be a
domain in the complex plane and let f be holomorphic
in D． We say that f k has a fixed point a∈ D if the fol-
lowing conditions hold: f j ( a) ∈ D for 1≤ j≤ k，and
f k ( a) = a ． Let Ｒ( z) = P1 ( z) /P2 ( z) be a noncon-



stant rational function，where P1 and P2 are two rela-
tively prime polynomials． Then，we call max { deg P1，

deg P2 } = : deg Ｒ the degree of Ｒ． We recall the fol-
lowing results proved by Ｒosenbloom［8］ in 1952．

Theorem 1 Let f be a transcendental entire
function and let k∈N，k≥ 2 ． Then the k-th iterate f k

has infinitely many fixed points．
Theorem 2 Let P be a polynomial with deg P≥

2 ，and let f be a transcendental entire function． Then
the composite function P( f) has infinitely many fixed
points．

Later on，Gross-Osgood［9］ proved the following re-
sult which extends Theorem 2．

Theorem 3 Let Ｒ be a rational function with
deg Ｒ≥ 3 ，and let f be a transcendental meromorphic
function． Then the composite function Ｒ( f) has infi-
nitely many fixed points．

In 1998，Ess' en-Wu［6］ proved the following nor-
mality criterion corresponding to Theorem 1，thereby
answering a question of Yang［10］．

Theorem 4［6］ Let D be a domain in the com-
plex plane，let F be a family of holomorphic functions
in a domain DC． If for every f∈F，there exists k =
k( f) such that fk has no fixed points in D，then F is a
normal family．

Fang-Yuan［11］ and Chang-Fang-Zalcman［12］

proved the following results respectively，which are cor-
responding to Theorems 2 and Theorem 3．

Theorem 5［11］ Let F be a family of holomor-
phic functions defined on a domain D，and let P be a
polynomial with degree deg P≥2． If，for any f∈F，the
composite function P( f) has no fixed-point，then F is
normal in D．

Theorem 6［12］ Let F be a family of meromor-
phic functions defined on a domain D，and let Ｒ be a
rational function with deg Ｒ≥3． If，for any f∈F，the
composite function Ｒ( f) has no fixed point in D，then F
is normal in D．

Ｒegarding Theorems 5 and Theorem 6，we propose
the following questions:

Question 1 Let D be a domain in the complex
plane，let F ( H，respectively) be a family of meromor-
phic functions ( entire functions，respectively． ) ，and let
Ｒ( P，respectively) be a rational function ( a polynomi-
al，respectively) with degree deg Ｒ≥3 ( deg P≥2，re-

spectively) ． If，for every g∈F ( h∈H，respectively)
both g ( h，respectively ) and the composite function
Ｒ( g) ( P( h) ，respectively) have the same fixed points
in D，or both g ( h，respectively ) and the composite
function Ｒ( g) ( P( h) ，respectively ) share a finite
nonzero complex number a in D，is F ( H，respective-
ly) normal in D?

Question 2 Let D be a domain in the complex
plane，let F be a family of meromorphic functions，and
let f be a transcendental meromorphic function． If，for
every g∈F，both g and the composite function f( g)
have the same fixed points in D，or both g and the com-
posite function f( g) share a finite nonzero complex
number a in D，is F normal in D?

We will prove the following results to deal with
Questions 1 and Question 2，where Theorem 7 extends
Theorem 1 in Bergweiler［13］，Theorem 8 and Theorem
10 extend the corresponding results in Fang-Yuan［11］

and Chang-Fang-Zalcman［12］ respectively．
Theorem 7 Let F be a family of holomorphic

functions defined on a domain D，and let f be a tran-
scendental entire function． Suppose that α1 and α2 are
two distinct finite values． If，for any g∈F，every zero of
f( g) － α1 is of multiplicity ≥2，g and f( g) share α2 IM
in D，then F is normal in D．

From Theorem 7 we can get the following result．
Corollary 1 Let F be a family of holomorphic

functions defined on a domain D，and let f be a tran-
scendental entire function． If，for any g∈F，there exist
two distinct finite values α1 and α2 such that every zero
of f( g) － α1 and f( g) － α2 is of multiplicity ≥2，and
that f( g) and g have the same fixed points in D，then F
is normal in D．

The following example shows that the assumption“for
any g∈F，every zero of f( g) －α1 is of multiplicity≥2”in
Theorem 7 is necessary．

Example 1 Take f( z) = 1 + ( 1 － z) ez，F =
{ gn} ，where gn ( z) = sin2 ( nz) ，and take α = 1 ．
Then，we can find that for any gn ∈ F，gn and f( gn )

share 1 CM in D，and that not all the zeros of f( gn ) is
of multiplicity ≥2 in the domain D = { z: z ＜ ε} ，
where ε ＞ 0 is any fixed positive number． But F is not
normal at z0 = 0．

We also prove the following result．
Theorem 8 Let F be a family of holomorphic
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functions defined on a domain D，let Ｒ be a rational
function with deg Ｒ≥2，and let Ｒ have at least two dis-
tinct fixed points in the complex plane． Suppose that
α 0 is a nonconstant holomorphic function defined
on a domain D． If，for any f∈F，f － α and Ｒ( f) － α
share 0 IM in D，then F is normal in D．

From Theorem 8 we can get the following result．
Corollary 2 Let F be a family of holomorphic

functions defined on a domain D，let Ｒ be a rational
function with deg Ｒ≥2，and let Ｒ have at least two dis-
tinct fixed points in the complex plane． If，for any f∈
F，f and Ｒ( f) have the same fixed points in D，then F
is normal in D．

Proceeding as in the proof of Theorem 8 in Section
2，we can get the following result．

Theorem 9 Let F be a family of holomorphic
functions defined on a domain D，let Ｒ be a rational
function with deg Ｒ≥2，and let Ｒ have at least two dis-
tinct fixed points in the complex plane． Suppose that
α 0 is a finite value in the complex plane． If，for any
f∈F，f and Ｒ( f) share α IM in D，then F is normal in D．

For a family of meromorphic functions defined on
a domain D we will prove the following result which is
corresponding to Theorem 6 and deals with Question 1．

Theorem 10 Let F be a family of meromorphic
functions defined on a domain D，and let Ｒ = P1 /P2 be
a nonconstant rational function，where P1 and P2 are
two relatively prime polynomials such that deg Ｒ = max
{ deg P1，deg P2 } ≥3 and such that Ｒ has at least
three distinct finite fixed points in the complex plane．
If，for any f∈F，f － z and Ｒ( f) － z share 0 IM，then F
is normal in D．

We give the following two examples．
Example 2［11］ Take P( z) = z，fn ( z) = z + enz，

D = { z: z ＜ 1} ． Then it is easy to see that fn ( z) －
z≠ 0 and P( fn ( z) ) － z≠ 0 in D，and that the family
of holomorphic functions { fn ( z) } is not normal in D．
This example shows that the assumption“deg Ｒ≥2”in
Theorem 8 is necessary．

Example 3［14］ Let Ｒ( z) = ( z2 +1) ( z2 －1) ，let

f( z) = sin槡z

槡zcos槡z
=
∑
!

j = 0

( － 1) j
( 2j + 1) ! z

j

∑
!

j = 0

( － 1) j
( 2j) ! z

j
，

z∈ { z: z － 1 ＜ δ} = : Dδ ，

and let ψ( z) = ( 1 + z) 1 /2 ． Set F = { fn} ，where fn( z) =
in1 /2ψ( z) f( n( z － 1) ) ，n = 1，2，…． Then，for sufficiently
small positive number δ，we can find that fn( z) ≠ z and

Ｒ( fn ( z) ) = z － z + 1

1 － 2n sin n( z － 1槡 )

n( z － 1槡
( ))

2 ≠ z

on Dδ ，and so fn ( z) － z and Ｒ( fn ( z) ) － z share 0 IM in
Dδ ． Noting that for any fn∈F，fn has poles and zeros in
z － 1 ＜ ε，where ε ＞ 0 is a given sufficiently small

positive number，we can see that F is not equicontinu-
ous at z = 1，and so F is not normal in Dδ ． This exam-
ple shows that the assumption“deg Ｒ≥3”in Theorem
10 is necessary．

1 Preliminaries

In this section，we introduce some important lem-
mas to prove the main results in this paper． First of all，
we introduce the following result due to Pang-Zalcman，
which plays an important role in studying the theory of
normal families of meromorphic functions．

Lemma 1［15-17］( Pang-Zalcman Lemma ) Let F
be a family of functions meromorphic on the unit disc，
all of whose zeros have multi-plicities at least k，and
suppose that there exists A≥ 1 such that f k ( z) ≤ A
whenever f ( z ) = 0，f∈F． Then，if F is not normal，
then，for each － 1 ＜ α≤ k，we have:
( i) a number 0 ＜ r ＜ 1;
( ii) points zn， zn ＜ r;
( iii) functions fn∈F;
( iv) positive numbers ρn → 0 such that

f( zn + ρnζ) ραn = : gn ( ζ) → g( ζ)
locally uniformly with respect to the spherical metric，
where g is a nonconstant meromorphic function on C
such that g# ( ζ) ≤ g# ( 0) = kA + 1 ．

Ｒemark 1 Suppose additionally in Lemma 1
that F is a family of zero-free meromorphic functions in
the domain D． Then the real number α in Lemma 1 can
be such that － 1 ＜ α ＜ !．

We also need the following result to prove the
main results in this paper．

Lemma 2［18］ Let f be a meromorphic function
on C． If f has bounded spherical derivative on C，then f
is of order at most 2． If，in addition，f is entire，then the
order of f is at most 1．
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Next we introduce the following result which is o-
riginally due to Clunie［19］ for the composition of two
transcendental entire functions． Later on，this result was
proved，e． g．，in Yang-Yi［4］ for the composition of a
nonconstant entire function and a transcendental mero-
morphic function as follows．

Lemma 3［4，19］ Suppose that g is a transcenden-
tal meromorphic function and that h is a nonconstant
entire function． Then

lim
r→!

T( r，g( h) ) T( r，h) = !．

The next result is due to Clunie［19］．
Lemma 4 If f and g are entire functions，then
M( r，f  g) = M( ( 1 + ο( 1) ) M( r，g) ，f) ，

as r E and r→∞，where and what follows，E denotes
an exceptional set of finite logarithmic measure，not
necessarily the same at each occurrence．

Finally we give the following result due to Berg-
weiler［13］，which plays an important role in proving the
main results of this paper．

Lemma 5 Let f: C→C∪ { !} be a rational
function of degree at least 2，let DC be a domain，let

h: D→C∪{ !} be meromorphic and nonconstant and
Let Γ be a family of all holomorphic functions g: DC
such that f( g( z) ) ≠ h( z) for all z ∈D． then Γ is nor-
mal．

Lemma 6［20］ Suppose that f and g are two non-
constant rational functions such that f and g share 0，1，
∞ CM． Then f = g．

2 Proofs of the Theorems

Proof of Theorem 7 We may assume that D =
{ z: z ＜ 1} ． Suppose that F is not normal in D． With-
out loss of generality，we assume that F is not normal at
z0 = 0 ． Then，by Lemma 1 and the assumptions of The-
orem 7 we can find that there exist points zn → 0，

zn ＜ 1 ，positive numbers ρn，ρn → 0 + and a subse-
quence of functions gn∈F such that

gn ( zn + ρnζ) = : hn ( ζ) → h( ζ) ， ( 1)
and so

f( gn ( zn + ρnζ) ) = f( hn ( ζ) ) → f( h( ζ) ) ，
spherical uniformly on compact subsets of C，where h is
some nonconstant entire function． From ( 1) ，Lemma 2
and Marty’s Theorem we have ρ( h) ≤ 1 ． By the as-

sumptions of Theorem 7 and Hurwitz’s Theorem we de-
duce that every zero of f( h) － α1 is of multiplicity ≥2，
and that f( h) and h share α2 IM in the complex plane．
Therefore，by the second fundamental theorem we have

T( r，f ( h ) ) ≤N— r， 1
f( h) － α( )

1
+ N— r， 1

f( h) － α( )
2

+

S( r，f( h) ) ≤ 1
2 N r， 1

f( h) － α( )
1

+ N— r， 1
f( h) － α( )

2
+

S( r，f( h) ) ≤ 1
2 T( r，f( h) ) + T( r，h) + S( r，f( h) ) ，

which implies
T( r，f( h) ) ≤ 2T( r，h) + S( r，f( h) ) ，

and so
lim

r→!，rE
T( r，f( h) ) T( r，h) ≤ 2 ． ( 2)

On the other hand，by Lemma 3 we have
lim
r→!

T( r，f( h) ) T( r，h) = !． ( 3)

From ( 2 ) and ( 3 ) we get a contradiction． This
completes the proof of Theorem 7．

Proof of Corollary 1 We may assume that D =
{ z: z ＜ 1} ． Suppose that F is not normal in D． With-
out loss of generality，we assume that F is not normal at
z0 = 0 ． Then，by Lemma 1 and the assumptions of Cor-
ollary 1 we can find that there exist points zn → 0，

zn ＜ 1 ，positive numbers ρn，ρn → 0 + and a subse-
quence of functions gn∈F such that ( 1) holds，and so
gn( zn + ρnζ) － ( zn + ρnζ) = hn( ζ) － ( zn + ρnζ)→h( ζ)
and

f( gn ( zn + ρnζ) ) － ( zn + ρnζ) = f( hn ( ζ) ) －
( zn + ρnζ) → f( h( ζ) ) ，

spherical uniformly on compact subsets of C，where h is
some nonconstant entire function． From ( 1 ) ，Lemma 2
and Marty’s Theorem we have ρ( h) ≤ 1 ． By Hurwitz’s
Theorem and the assumption that for any g∈F，f ( g)
and g have the same fixed points we deduce that f( h)
and h share 0 IM． From Lemma 3，Hurwitz’s Theorem
and the assumption that for any g∈F，every zero of
f( g) － α1 and f( g) － α2 is of multiplicity ≥2． We con-
sider the following two cases:
( i) Suppose that α1≠ 0 and α2≠ 0 ． Then，by the

second fundamental theorem we have

2T ( r，f ( h ) ) ≤ N— r， 1
f( h( )) + N— r， 1

f( h) － α( )
1

+

N— r， 1
f( h) － α( )

2
+ S( r，f( h) ) ≤

N— r，1( )h + 1
2 N r， 1

f( h) － α( )
1

+ 1
2 N r， 1

f( h) － α( )
2

+
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S( r，f( h) ) ≤T( r，f( h) ) + T( r，h) + S( r，f( h) ) ，
and so from Lemma 3 we have T( r，f( h) ) ≤T( r，h) +
S( r，f( h) ) ≤ S( r，f( h) ) ，which is impossible．
( ii) Suppose that 0 ∈ { α1，α2 } ，say α2 = 0 and

α1 ≠0 ． Then，by Theorem 7 we can get the conclusion
of Corollary 1．

This completes the proof of Corollary 1．
Proof of Theorem 8 Suppose that z0 ∈ D is any

given point． We consider the following three cases:
( i) Suppose that z0 ∈ D is such a point that for

any given sequence of functions fn∈F，there exist a
subsequence of fn ，say itself such that fn ( z) ≠α( z) for
all z ∈ Δ( z0，δ) D． Combining this with the assump-
tions of Theorem 8，we can find that fn ( z) － α( z) and
Ｒ( fn ( z) ) － α( z) share 0 IM in Δ ( z0，δ ) ，and so
Ｒ( fn ( z) ) － α( z) ≠ 0 for all z ∈Δ ( z0，δ) D． This
together with Lemma 5 implies that { fn} is normal in
Δ( z0，δ) ．
( ii) Suppose that z0 ∈ D is such a point that there

exist an infinite subsequence of fn∈F such that fn( zn) =
α( zn ) ，where zn is an infinite sequence of points such
that zn→ z0 ． Then，by the assumptions of Theorem 8 we
have Ｒ( fn ( zn ) ) = α( zn ) ，and so we have

Ｒ( α( zn ) ) = α( zn ) ． ( 4)
By the assumptions of Theorem 8 we know that there

exist l≥ 2 distinct finite complex values z∧1，z
∧
2，…，z

∧
l

such that Ｒ( z∧j ) = z∧j for 1 ≤ j ≤ l，where l ≥ 2 is a
positive integer satisfying 2≤ l≤ n ． Noting that α is a
holomorphic function in D，we have α( z0 ) ≠ !． We
consider the following two subcases:

Subcase 1 Suppose that α( z0 ) ∈{ z
∧

j : 1≤j≤l} ．
Then，we can deduce by ( 4) that there exist a subse-

quence of points zn ，say itself such that α( zn ) = z∧j0 for

some point z∧j0∈ { z
∧
1，z
∧
2，…，z

∧
l} ． Combining this with

the isolation of zeroes of a nonconstant analytic function
in a domain and the supposition lim

n→!
zn = z0 ，we can de-

duce that α is a constant，which contradicts the assump-
tion of Theorem 8．

Subcase 2 Suppose that α( z0 ) { z
∧

j : 1≤j≤l} ．
By letting n → ∞ we have from ( 4) that Ｒ( α( z0) ) =

α( z0 ) ，and so α( z0 ) ∈ { z
∧

j : 1≤ j≤ l} ，which is im-
possible．
( iii) Suppose that z0∈D is such a point that there

exist an infinite sequence of functions fn∈F such that
fn ( z0 ) = α( z0 ) and such that fn ( z) ≠ α( z) for all
z∈ Δ'( z0，δ) ，where δ is some positive number． Com-
bining this with the assumption that Ｒ( fn ) － α and fn －
α share 0 IM，we can get Ｒ( fn ) ( z) － α( z) ≠ 0 for all
z∈ Δ'( z0，δ) ，and so by Lemma 5 we can find that
{ fn} is normal in Δ'( z0，δ) ，and so there exist a subse-
quence of { fn} ，say itself such that

fn ( z) → f( z) ( 5)
or

fn ( z) → !， ( 6)
spherical uniformly on compact subsets of Δ'( z0，δ) ，
where f!is a holomorphic function defined on Δ'( z0，
δ) ． We discuss the following two subcases:

Subcase 1 Suppose that ( 6 ) holds． Then，by
( 6) and the Cauchy’s Integral Formula we can get

( 1 / fn ) ' → 0 ， ( 7)
spherical uniformly on compact subsets of Δ'( z0，δ) ．
Next we denote by Zh and Ph the numbers of zeros and
poles of a meromorphic function h in Δ( z0，δ) respec-
tively，where each zero and each pole are counted ac-
cording their multiplicities． Then，by ( 6) and ( 7) ，the
argument principle and the assumption that α( z)  0
for any z∈ Δ( z0，δ) we get

Z1 / fn－1 /α － P1 / fn－1 /α =

1
2πi∫| z－z0| = δ

( 1 / fn( z) － 1 /α( z) ) '
1 / fn( z) － 1 /α( z)

dz→

－ 1
2πi∫| z－z0| = δ α

'( z)
α( z)

dz = － n( z0，1 /α) ， ( 8)

where the notation n( z0，1 /α) is such that n( z0，1 /α) = 0
if α( z0 ) ≠0 ，and that n( z0，1 /α) is the multiplicity of
the zero z = z0 of α if α( z0 ) = 0 ． We consider the fol-
lowing three subcases:

Subcase 1． 1 Suppose that α( z0 ) ≠ 0 and that
there exist a subsequence of { fn} ，say itself such that
for every positive integers n ≥ 1 ，we have fn ( z0 ) －
α( z0 ) ≠ 0 ． Combining this with ( 6 ) and ( 8 ) ，we
have Zfn－α = Pfn = 0 and so 1 / ( fn － α) is a holomor-
phic function in Δ( z0，δ) for sufficiently large positive
integer n． Moreover，from ( 6) we have

1 / ( fn － α) → 0 ， ( 9)
spherical uniformly on compact subsets of Δ'( z0，δ) ．
By ( 9 ) and the Maximum Modulus Theorem we can
find that there exists some positive constant M( δ) de-
pending only upon δ such that for sufficiently large pos-
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itive integer n we have
1 / ( fn － α) ≤ M( δ) ( 10)

for all z ∈ Δ
—
( z0，δ /2) ． From ( 10 ) we can find that

{ 1 / ( fn － α) } ，and so fn is normal in Δ( z0，δ /2) ．
Subcase 1． 2 Suppose that α( z0 ) = 0 and that

there exist a subsequence of { fn} ，say itself such that
for every positive integers n ≥ 1 ，we have fn ( z0 ) －
α( z0 ) = fn ( z0 ) ≠0 ． Combining this with ( 6) ，we can
find that 1 / fn is holomorphic in Δ( z0，δ) for sufficiently
large positive integer． Therefore，from ( 6 ) and the
Maximum Modulus Theorem we can see that there ex-
ists some positive number M( δ) depending only upon δ
such that for sufficiently large positive integer n we
have

1 / fn ( z) ≤ M( δ) ( 11)

for all z ∈ Δ
－
( z0，δ /2) ． From ( 11 ) we can see that

{ 1 / fn} ，and so { fn} is normal in Δ( z0，δ /2) ．
Subcase 1． 3 Suppose that there exist a subse-

quence of { fn} ，say itself such that for every positive
integers n≥ 1 ，we have fn ( z0 ) － α( z0 ) = 0 ． Combi-
ning this with the assumption that Ｒ( fn ) － α and fn － α
share 0 IM，we have

Ｒ( α( z0 ) ) = α( z0 ) ．
On the other hand，by the assumptions of Theorem 8 we
can see that there exists a value α1 such that Ｒ( α1 ) =
α1 and α1≠α( z0 ) ． This together with the fact Ｒ( z) ≠
z for all z∈Δ'( z0，δ) implies that 1 / ( fn － α1 ) is a hol-
omorphic function in Δ( z0，δ) for sufficiently large pos-
itive integer n． Moreover，from ( 5) we have

1 / ( fn － α1 ) → 1 / ( f － α1 ) ， ( 12)
spherical uniformly on compact subsets of Δ'( z0，δ) ．
From ( 12 ) and Hurwitz’s Theorem we can see that
1 / ( f － α1 ) is a holomorphic function in Δ'( z0，δ) ．
Therefore，by the Maximum Modulus Theorem we can
see that there exists some positive number M( z0，δ) de-
pending only upon f and δ such that for sufficiently
large positive integer n we have

1 / ( fn － α1 ) ≤ M( z0，δ) ( 13)

for all z ∈ Δ
－
( z0，δ /2) ． From ( 13 ) we can see that

{ 1 / ( fn － α1 ) } ，and so { fn} is normal in Δ( z0，δ /2) ．
Subcase 2 Suppose that ( 5) holds and that f

0 in Δ'( z0，δ) ． Then，by Hurwitz’s Theorem and the
assumption that { fn} is a family of holomorphic func-
tions we have that f is a holomorphic function in Δ'( z0，

δ) ． Therefore，by the Maximum Modulus Theorem we
can find that there exists some positive constant M( δ)
depending only upon δ such that for sufficiently large
positive integer n we have

fn ( z) ≤ M( δ)

for all z∈ Δ
－
( z0，δ /2) ． This together with the fact that

{ fn} is a family of holomorphic functions in Δ( z0，δ)
implies that { fn} is normal in Δ( z0，δ /2) ，this reveals
the conclusion of Theorem 8．

Suppose that f ( z) = 0 for every z ∈ Δ'( z0，δ) ．
Then，by the Maximum Modulus Theorem we can find a
constant M ＞ 0 such that for sufficiently large positive
integer n we have fn ( z) ≤ M for all z ∈ Δ( z0，δ) ，
which also reveals the conclusion of Theorem 8．

Theorem 8 is thus completely proved．
Proof of Theorem 10 Suppose that z0 ∈ D is

any given point． We consider the following three cases:
( i) Suppose that z0 ∈ D is such a point that for a

given sequence of functions fn∈F，there exist a subse-
quence of fn ，say itself such that fn ( z) ≠ z for all z ∈
Δ( z0，δ)  D，where and in what follows，Δ( z0，δ) =
{ z: z － z0 ＜ δ} ，δ ＞ 0 is some positive number．
Then，by the assumptions of Theorem 10 we can find
that fn ( z) － z and Ｒ( fn ( z) ) － z share 0 IM in Δ( z0，
δ) ，and so Ｒ( fn ( z) ) － z≠ 0 for all z∈Δ( z0，δ) D．
This together with Theorem 6 implies that { fn } F is
normal in Δ( z0，δ) ．
( ii) Suppose that z0 ∈ D is such a point that for a

given sequence of functions fn∈F，there exist an infi-
nite subsequence of fn ，say itself such that fn ( zn ) = zn，
where zn is a sequence of points such that zn → z0 ．
Then，by the assumptions of Theorem 10 we have
Ｒ( fn ( zn ) ) = zn ，and so we have

Ｒ( zn ) = zn ． ( 14)
Noting that there are at least l ≤ n distinct finite com-

plex values z∧1，z
∧
2，…，z

∧
l such that Ｒ( z∧j ) = z∧j for 1≤

j≤ l，we consider the following two subcases:

Subcase 1 Suppose that z∧j0 ∈ { z
∧

j : 1≤ j≤ l} ．
Then，we can deduce by ( 14) that there exist a subse-

quence of points zn ，say itself such that zn = z∧j0 for

some point z∧j0∈ { z
∧
1，z
∧
2，…，z

∧
l} ． Combining this with

the isolation of zeroes of a nonconstant analytic function
in a domain and the supposition lim

n→!
zn = z0 ，we can de-

duce that z is a constant，which is impossible．
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Subcase 2 Suppose that z0  { z
∧

j : 1 ≤ j≤ l} ．
By letting n → ∞ we have from ( 14) that Ｒ( z0 ) = z0，

and so z0 ∈ { z
∧

j : 1 ≤ j≤ l} ，which is impossible．
( iii) Suppose that z0∈D is such a point that for a

given sequence of functions fn∈F，there exist an infi-
nite subsequence of fn ，say itself such that fn ( z0 ) = z0
and such that fn ( z) ≠ z for all z∈ Δ'( z0，δ) ，where δ
is some positive number． Then，by Theorem 6 we can
find that { fn} is normal in Δ'( z0，δ) ，therefore，there
exist a subsequence of { fn} ，say itself such that

fn → f， ( 15)
or

fn → !， ( 16)
spherical uniformly on compact subsets of Δ'( z0，δ) ，
where f!is a meromorphic function defined in Δ'( z0，
δ) ． We consider the following three subcases:

Subcase 1 Suppose that ( 16 ) holds． Then，by
the Cauchy’s Integral Formula we can get

( 1 / fn ) ' → 0 ，
spherical uniformly on compact subsets of Δ'( z0，δ) ．
Next we denote by Zh and Ph the numbers of zeros and
poles of a meromorphic function h in Δ( z0，3δ /4) re-
spectively，where each zero and each pole are counted
according their multiplicities respectively． Then，by
( 15) ～ ( 16) and the argument principle we get

Z1/ fn－1/ z － P1/ fn－1/ z = 1
2πi∫| z－z0| =3δ /4

( 1 / fn( z) － 1 / z) '
1 / fn( z) － 1 / z

dz →

－ 1
2πi∫| z －z0| = 3δ /4

1
z dz ． ( 17)

We consider the following three subcases:
Subcase 1． 1 Suppose that z0 ≠ 0 and that there

exist a subsequence of { fn} ，say itself such that for ev-
ery positive integers n≥ 1 ，we have fn ( z0 ) － z0 ≠ 0 ．

Then 1
2πi∫ z－z0 = 3δ /4

1
z dz = 0 ． Combining this with

( 16) and ( 17) ，we have Zfn－z = Pfn = 0 ，and so 1 /
( fn － z) is a holomorphic function in Δ( z0，3δ /4) for
sufficiently large positive integer n． Moreover，by ( 16)
we have

1 / ( fn － z) → 0 ， ( 18)
spherical uniformly on compact subsets of Δ'( z0，δ) ．
Noting that 1 / ( fn － z) is a holomorphic function in
Δ'( z0，δ) for sufficiently large positive integer n，we
can find by ( 18) and the Maximum Modulus Theorem
that there exists some positive constant M ( δ) depen-

ding only upon δ such that for sufficiently large positive
integer n we have

1 / ( fn － z) ≤ M( δ) ， ( 19)

for all z ∈ Δ
－
( z0，δ /2) ． From ( 19 ) we can find that

{ 1 / ( fn － z) } and so fn is normal in Δ( z0，δ /2) ．
Subcase 1． 2 Suppose that z0 = 0 and that there

exist a subsequence of { fn} ，say itself such that for ev-
ery positive integers n ≥ 1 ，we have fn ( z0 ) － z0 =
fn ( z0 ) ≠ 0 ． Combining this with ( 16 ) ，we can find
that 1 / fn is a holomorphic function in Δ( z0，δ) for suffi-
ciently large positive integer n． Therefore，by the Maxi-
mum Modulus Theorem we can find that there exists
some positive constant M ( δ) depending only upon δ
such that for sufficiently large positive integer n we
have

1 / fn ( z) ≤ M( δ) ( 20)

for all z ∈ Δ
－
( z0，δ /2) ． From ( 20 ) we can see that

{ 1 / fn} ，and so { fn} is normal in Δ( z0，δ /2) ．
Subcase 1． 3 Suppose that there exist a subse-

quence of { fn} ，say itself such that for every positive
integers n≥ 1 ，we have fn ( z0 ) － z0 = 0 ． Then，from
the assumption that Ｒ( fn ) － z and fn － z share 0 IM，we
can see that

Ｒ( z0 ) = z0 ．
On the other hand，by the assumptions of Theorem

10 we can see that there exists a value α2 such that
Ｒ( α2 ) = α2 and α2 ≠ z0 ． This together with the fact
Ｒ( z) ≠ z for all z∈Δ'( z0，δ) implies that 1 / ( fn － α2 )

is a holomorphic function in Δ( z0，δ) for sufficiently
large positive integer n． Moreover，from ( 16) we have

1 / ( fn － α2 ) → 0 ， ( 21)
spherical uniformly on compact subsets of Δ'( z0，δ) ．
From ( 21 ) and the Maximum Modulus Theorem we
can see that there exists some positive number M( z0，
δ) depending only upon z0 and δ such that for suffi-
ciently large positive integer n we have

1 / ( fn － α2 ) ≤ M( z0，δ) ( 22)

for all z ∈ Δ
—
( z0，δ /2) ． From ( 22 ) we can see that

{ 1 / ( fn － α2 ) } ，and so { fn} is normal in Δ( z0，δ /2) ．
Subcase 2 Suppose that ( 15) holds and that

f( z) = 0
for all z ∈ Δ'( z0，δ) ． Then by replacing 1 / fn with fn in
Subcase 1 and in the same manner as in the proof of Sub-
case 1 we can prove that { fn} is normal in Δ( z0，δ /2) ．
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Subcase 3 Suppose that ( 15) holds and that
f( z)  0，! ( 23)

for all z∈ Δ'( z0，δ) ． First of all，by the principle of i-
solated zeroes，the assumption that f － z and Ｒ( f) － z
share 0 IM in Δ( z0，δ) and the fact Ｒ  z we can find
some sufficiently small positive number δ such that
Ｒ( z) ≠ z for all z∈Δ'( z0，δ) ． we consider the follow-
ing two subcases:

Subcase 3． 1 Suppose that there exist a subse-
quence of { fn} ，say itself such that

fn ( z0 ) ∈ { z: Ｒ( z) = z} ( 24)
for all n ≥ 1 ． Then，there is a subsequence of { fn} ，
say itself such that

lim
n→!

fn ( z0 ) = z∧j，1 ≤ j≤ l， ( 25)

where z∧j ∈ { z: Ｒ( z) = z} is some point，say z∧j = z∧1 ．

Suppose that z∧1 ≠ z0 ． Then，from ( 25 ) and the
fact Ｒ( z) ≠ z for all z∈ Δ'( z0，δ) we can see that for
sufficiently large positive integer n，1 / ( fn － z) is a hol-
omorphic function in z ∈ Δ( z0，δ) ． Next，in the same
manner as in Subcase 1． 3 we can prove that { 1 / ( fn －
z) } ，and so { fn} is normal in Δ( z0，δ /2) ．

Suppose that z∧1 = z0 and that { fn} is not normal at
z0 ． Then，there exists some neighbourhood of z0 ，say
z － z0 ＜ δ such that { fn} is not normal in z － z0 ＜

δ． Then，by Lemma 1 we can find that there exist points
zn → z0， zn － z0 ＜ δ，positive numbers ρn，ρn → 0 +

and a subsequence that belong to { fn} ，say { fn} itself
such that

fn ( zn + ρnζ) : = gn ( ζ) → g( ζ) ， ( 26)
spherical uniformly on compact subsets of C，where g is
some nonconstant meromorphic function of order
ρ( g) ≤ 2 ． Therefore，
fn ( zn + ρnζ) － ( zn + ρnζ) = gn ( ζ) － ( zn + ρnζ) = :
Hn ( ζ) → g( ζ) － z0 ( 27)
and
Ｒ( fn ( zn + ρnζ) ) － ( zn + ρnζ) →Ｒ( g( ζ) ) － z0，( 28)
spherical uniformly on compact subsets of C． By the as-
sumption of Theorem 10 we can find that there exist
two distinct finite values β1 and β2 in the complex plane
such that β1 ≠ z0 and β2 ≠ z0 ，and such that Ｒ( β j ) =
β j for j = 1，2． Combining this with the assumption that
for every f∈F，f － z and Ｒ( f) － z share 0 IM in D，we
can deduce from ( 26 ) ～ ( 28 ) and Hurwitz’s Theo-
rem that g and Ｒ( g) share β1，β2 and z0 IM． Next we

prove the following claim:
( i) g( ζ) － z0 has at most one zero in the complex

plane．
We prove the claim ( i) : Suppose that η1 and η2

are two distinct finite values in the complex plane such
that g( η1 ) = g( η2 ) = z0 ． Then，for sufficiently small
positive number δ satisfying δ ＜ η1 － η2 we have

Δ( η1，δ /2) ∩ Δ( η2，δ /2) =，where  denotes the

empty set． Combining this，( 26 ) and Hurwitz’s Theo-
rem，we can find that there exist a sequence of points
ζn such that

fn( zn + ρnζn) － ( zn + ρnζn) = 0( ζn → η1) ． ( 29)
By the assumption that for every f∈F，f － z and Ｒ( f) －
z share 0 IM in D，we can get from ( 29) that

Ｒ( fn( zn + ρnζn) ) = Ｒ( zn + ρnζn) = zn + ρnζn
( ζn → η1) ． ( 30)
On the other hand，by ( 24) ～ ( 25) ，the supposi-

tions z∧1 = z0 and Ｒ( z) ≠ z for all z∈Δ'( z0，δ) we can
deduce for sufficiently large positive integer n that

zn + ρnζn = z0 ． ( 31)
Similarly，we can find that there exist a sequence of

points ζ∧n such that for sufficiently large positive integer
n we have

Ｒ( fn( zn + ρn ζ
∧

n) ) = Ｒ( zn + ρn ζ
∧

n) = zn + ρn ζ
∧

n

( ζ∧n → η2) ， ( 32)
and

zn + ρn ζ
∧

n = z0 ． ( 33)
From ( 31) and ( 33) we have

zn + ρnζn = zn + ρn ζ
∧

n = z0 ，
and so

ζn = ζ∧n = ( z0 － zn ) ρn ( 34)
for sufficiently large positive integer n． From ( 30) and

( 32) we have ζn → η1 and ζ∧n → η2 ． This with ( 34 )
and the supposition η1 ≠ η2 ，we can get a contradic-
tion． This proves the claim ( i) ． Then，by the standard
Valiron-Mokhon’ko lemma［21］，Nevanlinna’s three
small functions theorem［4］，the assumption deg Ｒ≥3
and the fact that g and Ｒ( g) share β1，β2 and z0 IM，we
have

3T( r，g) ≤T( r，Ｒ( g) ) + O( 1) ≤N— r， 1
Ｒ( g) － z( )

0
+

N— r， 1
Ｒ( g) － β( )

1
+ N— r， 1

Ｒ( g) － β( )
2

+ O( log r) =
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N— r， 1
g － z( )

0
+ N— r， 1

g － β( )
1

+ N— r， 1
g － β( )

2
+

O( log r) ≤2T( r，g) + O( log r) ， ( 35)
and so T( r，g) = O ( log r) ，which implies that g and
Ｒ( g) are a nonconstant rational function． Thus ( 35 )
can be rewritten as

3T( r，g) ≤T( r，Ｒ( g) ) + O( 1) ≤N— r， 1
Ｒ( g) － z( )

0
+

N— r， 1
Ｒ( g) － β( )

1
+ N— r， 1

Ｒ( g) － β( )
2

+ O( 1) =

N— r， 1
g － z( )

0
+N— r， 1

g － β( )
1

+N— r， 1
g － β( )

2
+O( log r)≤

N r， 1
g － z( )

0
+ N r， 1

g － β( )
1

+ N r， 1
g － β( )

2
+ O( 1) ≤

3T( r，g) + O( 1) ，
which implies that

N( 2 r， 1
g － z( )

0
+ N( 2 r， 1

g － β( )
1

+ N( 2 r， 1
g － β( )

2
=

O( 1) ， ( 36)
where N( 2 ( r，1 / ( g － z0 ) ) denotes the counting func-
tion of those zeros of g － z0 ( counted with proper multi-
plicities) whose multiplicities are not less than 2，
N( 2 ( r，1 / ( g － β1 ) ) and N( 2 ( r，1 / ( g － β2 ) ) have the
similar meanings． Therefore，by ( 36) we can see that g
and Ｒ( g) share z0，β1 and β2 CM in the complex plane．
This together with Lemma 6 gives g = Ｒ( g) ，and so
3T( r，g) ≤ T( r，Ｒ( g) ) + O( 1) ≤ T( r，g) + O( 1) ，
i． e．，T( r，g) = O( 1) ，which is impossible．

Subcase 3． 2 Suppose that there exist a subse-
quence of { fn} ，say itself such that

fn ( z0 )  { z: Ｒ( z) = z} ( 37)
for every positive integer n≥ 1 ． Then，from ( 37) ，the
assumption of Theorem 10 and the fact Ｒ( z) ≠ z for all
z∈ Δ'( z0，δ) we can deduce fn ( z) － z≠ 0 for all z∈
Δ( z0，δ) ，and so { 1 / ( fn － z) } is a family of holomor-
phic functions in Δ( z0，δ) ． Moreover，from ( 15 ) we
have

1 / ( fn － z) → 1 / ( f － z) ( 38)
spherical uniformly on compact subsets of Δ'( z0，δ) ．
By ( 23) we can deduce that 1 / ( f － z)  0 in Δ'( z0，
δ) ． This together with ( 38) and the Hurwitz’s Theo-
rem implies that 1 / ( f － z) is holomorphic in Δ' ( z0，
δ) ． From ( 38) and the Maximum Modulus Theorem we
can see that there exists some positive constant M that
depends only upon f and δ such that for sufficiently
large positive integer n，we have

1 ( fn ( z) － z) ≤ M ( 39)

for all Δ
—
( z0，δ /2) ． From ( 39 ) we can deduce that

{ 1 / ( fn( z) － z) } ，and so { fn} is normal in Δ( z0，δ /2) ．
Theorem 10 is thus completely proved．
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涉及复合亚纯函数和不动点的亚纯函数的正规族

李效敏1，仪洪勋2，张 学1

( 1．中国海洋大学数学科学学院，山东 青岛 266100; 2．山东大学数学学院，山东 济南 250199)

摘要:假设 f是一个超越整函数，G是定义在区域 DC上的全纯函数族． 如果对 G中每个元素 g，f( g) － α1 在区域 D上的每
个零点重数≥2，f( g) － α2 和 g － α2 在区域 D上 IM分担 0，这里 α1 和 α2 是 2 个判别的有穷复数，则 G在区域 D上是正规的，
该结果推广了 Bergweiler 2004 年的一个结果．同时还证明了: 假设 Ｒ 是一个次数满足 deg Ｒ≥2( deg Ｒ≥3，并且 Ｒ在在复平面
上有 3 个判别的有限的不动点) 的有理函数，F是一个定义在区域 DC上的全纯函数( 亚纯函数) ，并且对 F中每个元素 f，
Ｒ f( z) － z 和 f( z) － z在区域 D上 IM分担 0，则 F是区域 D上的正规族，该结果推广了方明亮与袁文俊 2000 年的一个结果，
也推广了常建明、方明亮与 L． Zalcman 2005 年的一个结果，并举例说明本文结果从某种意义上来讲是最佳的．
关键词:亚纯函数; 复合函数;不动点; 分担值;正规定则
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