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Abstract: Then following result is proved: If f is a transcendental entire function such that the family G of all

functions g holomorphic in the domain D C C for which every zero of f{ g) —«, is of multiplicity =2 f{ g) - «,

and g — @, share 0 IM in D where @, and «, are two distinct finite values then G is normal in D. This result

extends Theorem 1 of paper in Bergweiler. The following result is also proved: If R is a rational function with

degR=2 ( respectively =3 and R has three distinct finite fixed points in the complex plane) such that the fami—

ly .Zof all functions f holomorphic ( respectively meromorphic) in the domain D C C for which R f{ z) -z and

f(z) —z share 0 IM in D then .7is normal in D. The results extend the corresponding results due to Fang-Yuan

and Chang¥ang—Zalcman respectively. Examples are provided to show that the main results in this paper in a

sense are the best possible.
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0 Introduction and Main Results

Let D be a domain on the complex plane C and
let .#Zbe a family of meromorphic functions D. The fam—
ily Zis said to be normal in D in the sense of Montel
if each sequence {f,} C .7 contains either a subse—
quence that converges to a meromorphic function uni—
formly on each compact subset of D or a subsequence
which converges to o« uniformly on each compact sub—
Schiff > and Yang * .

Let f and g be two nonconstant meromorphic func—

set of D see e.g. Hayman '

tions in the complex plane and let a be a value in the
extended plane. We say that f and g share the value a
CM in the complex plane provided that f and g have
the same a-points in the complex plane and each com—
mon a-point of f"and g has the same multiplicity related
to f and g. We say that f and g share the value a IM in
the complex plane provided that f and g have the same

a-points and each common a-point of f and g is coun—
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ted only once. We say that f and g share « CM in D

provided that f and g have the same a—points in D and
each such common a-point of f and g has the same
multiplicity related to f and g. We say that f and g
share a IM in D provided that f and g have the same
a-points in D and each such common a—point of f and
g is counted only once * . Throughout this paper we
denote by u(f) p(f) and A(f) the lower order of f the
order of f and the exponent of convergence of zeros of f
respectively ' 7 I u(f) = p(f)
regular growth. The iterates ' ": D, — C of a holomor—
phic function f: D — C are defined as D,: =D f': =
fandD,: =f7(D,,) f" =f""offorne N n=
2. Note that D, = f '(D,) C D = D, and thus
D,,, CD, C Dforalln € N which can be found e.

we say that f is of

nl
g. in Ess’en and Wu ® and Bergweiler ’ . Let D be a
domain in the complex plane and let f be holomorphic
in D. We say that " has a fixed point a e D if the fol-
lowing conditions hold: f’(a) e Dforl <j <k and
f*(a) =a.LetR(z) = P,(2)/P,(z) be a noncon—

(Z2008A01 ZR2014AMO11)
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stant rational function where P, and P, are two rela—
tively prime polynomials. Then we call max{ deg P,
deg P,} =:deg R the degree of R. We recall the fol—
* in 1952.

Let f be a transcendental entire

lowing results proved by Rosenbloom

Theorem 1
function and letk € N k =2 . Then the k-th iterate f*
has infinitely many fixed points.

Theorem 2 Let P be a polynomial with deg P =
2 and let f be a transcendental entire function. Then
the composite function P(f) has infinitely many fixed
points.

Later on Gross-Osgood ° proved the following re—
sult which extends Theorem 2.

Theorem 3  Let R be a rational function with
deg R = 3 and let f be a transcendental meromorphic
function. Then the composite function R(f) has infi-
nitely many fixed points.

In 1998 Ess’en-Wu ® proved the following nor—
mality criterion corresponding to Theorem 1 thereby
answering a question of Yang " .

Theorem 4 °

plex plane let .# be a family of holomorphic functions

Let D be a domain in the com-

in a domain D CC. If for every f'e .7 there exists k =
k() such that /* has no fixed points in D then Zis a
normal family.

Fang—~Yuan " and  ChangFangZalcman "
proved the following results respectively which are cor—
responding to Theorems 2 and Theorem 3.

Theorem 5 "' Let .7 be a family of holomor—
phic functions defined on a domain D and let P be a
polynomial with degree deg P=2. If for any fe.7 the
composite function P(f) has no fixed-point then .7 is
normal in D.

Theorem 6
phic functions defined on a domain D and let R be a

rational function with deg R=3. If for any fe.7 the

Let .# be a family of meromor—

composite function R( f) has no fixed point in D then .7
is normal in D.

Regarding Theorems 5 and Theorem 6 we propose
the following questions:

Question 1 Let D be a domain in the complex
plane let .77( .7 respectively) be a family of meromor—
phic functions ( entire functions respectively.) and let

R( P respectively) be a rational function ( a polynomi—

al respectively) with degree deg R=3 (deg P=2 re-

spectively) . If for every g € .7 ( h € 7 respectively)
both g ( h respectively) and the composite function
R(g) (P(h)
in D or both g ( h respectively) and the composite
function R( g) ( P( h)

nonzero complex number a in D is .7 ( .7 respective—

respectively) have the same fixed points

respectively) share a finite
ly) normal in D?

Question 2 Let D be a domain in the complex
plane let .7 be a family of meromorphic functions and
let f be a transcendental meromorphic function. If for
every g € .7 both g and the composite function f{ g)
have the same fixed points in D or both g and the com—
posite function f( g) share a finite nonzero complex
number @ in D is .#normal in D?

We will prove the following results to deal with
Questions 1 and Question 2 where Theorem 7 extends
Theorem 1 in Bergweiler * Theorem 8 and Theorem
10 extend the corresponding results in Fang-Yuan '
and ChangFang—~Zalcman ' respectively.

Theorem 7 Let .7 be a family of holomorphic
functions defined on a domain D and let f be a tran—
scendental entire function. Suppose that o, and «, are
two distinct finite values. If for any g €.7 every zero of
fAg) —ais of multiplicity =2 g andf{ g) share o, IM
in D then .#is normal in D.

From Theorem 7 we can get the following result.

Corollary 1  Let .# be a family of holomorphic
functions defined on a domain D and let f be a tran—
scendental entire function. If for any g € .7 there exist
two distinct finite values o, and «, such that every zero
of flg) — o, andf{g) - a, is of multiplicity =2 and
that f{ g) and g have the same fixed points in D then .7
is normal in D.

The following example shows that the assumption “for
any g .7 every zero of f{ g) —q is of multiplicity =2” in
Theorem 7 is necessary.
Take f{ 2)
{g,} where g,(z) = sin’(nz)
Then we can find that for any g, € ¥ g, and f{ g,)
share 1 CM in D and that not all the zeros of f{ g,) is
of multiplicity =2 in the domain D = {z: |z| < &}

Example 1 =1+(1-2¢ .7=

and take « = 1.

where & >0 is any fixed positive number. But .7 is not
normal atz, = 0.
We also prove the following result.

Theorem 8 Let .7 be a family of holomorphic
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functions defined on a domain D let R be a rational
function with deg R=2 and let R have at least two dis—
tinct fixed points in the complex plane. Suppose that
a # 0 is a nonconstant holomorphic function defined
on a domain D. If for any fe .7 f—a and R(f) - «
share 0 IM in D then .#is normal in D.

From Theorem 8 we can get the following result.

Corollary 2 Let .7 be a family of holomorphic
functions defined on a domain D let R be a rational
function with deg R=2 and let R have at least two dis—
tinct fixed points in the complex plane. If for any fe
7 f and R(f) have the same fixed points in D then .7
is normal in D.

Proceeding as in the proof of Theorem 8 in Section
2 we can get the following result.

Theorem 9  Let .7 be a family of holomorphic
functions defined on a domain D let R be a rational
function with deg R=2 and let R have at least two dis—
tinct fixed points in the complex plane. Suppose that
a # 0 is a finite value in the complex plane. If for any
fe.7 fand R(f) share o IM in D then .Zis normal in D.

For a family of meromorphic functions defined on
a domain D we will prove the following result which is
corresponding to Theorem 6 and deals with Question 1.

Theorem 10 Let .7 be a family of meromorphic
functions defined on a domain D and let R = P, /P, be
a nonconstant rational function where P| and P, are
two relatively prime polynomials such that deg R = max
{deg P, deg P,} =3 and such that R has at least
three distinct finite fixed points in the complex plane.
If for any fe.”7 f—z and R(f) — z share O IM then .77
is normal in D.

We give the following two examples.

Take P(z) =z f,(2) =z+¢"
D = {z |z| < 1} . Then it is easy to see thatf,(z) -
z#0and P(f,(2)) —z# 0in D and that the family

of holomorphic functions {f,(z) } is not normal in D.

Example 2 "

This example shows that the assumption “deg R=2" in

Theorem 8 is necessary.

Example 3"  I1etR(2) = (2 +1) /(2 -1) let
NIV
M2 = siniz _ 1;(2]"“1)!%
_ﬁcos\/g_ S (=17,
s

(
zef{z|z-1|<8} =D

and let y(2) =(1 + 2) ' Set. 7={f,} wheref,(2) =
in"”?y(2) f(n(z-1)) n=12 - Then for sufficiently
small positive number § we can find that f,(z) 7 z and
R(() =2~ _— T
1 -2 (sin n(z-1)
vn(z-1)

on Dy and sof,(z) —zand R(f,(z)) —zshare 0 IM in
D, . Noting that for any f, e .7 f, has poles and zeros in

|z=1| <& where &£ >0 is a given sufficiently small
positive number we can see that .% is not equicontinu—
ous at z=1 and so .Zis not normal in Dy . This exam—
ple shows that the assumption “deg R=3" in Theorem

10 is necessary.

1 Preliminaries

In this section we introduce some important lem—
mas to prove the main results in this paper. First of all
we introduce the following result due to PangZalcman
which plays an important role in studying the theory of
normal families of meromorphic functions.

Lemma 1 "?" ( PangZalcman Lemma) Let .7
be a family of functions meromorphic on the unit disc
all of whose zeros have multi-plicities at least £ and
suppose that there exists A = 1 such that |f*(z) [< A
whenever f( z) =0 fe .7 Then if . is not normal
then for each -1 < a <k we have:

i) a number 0 <r <1;

(

(i) points z, \zn | <r;
(ii1) functions f, .7,
(

1v) positive numbers p, — 0 such that
Mz, +p,0) /p =800 —e(d)
locally uniformly with respect to the spherical metric
where g is a nonconstant meromorphic function on C
such that g"(¢) < g"(0) = kA +1.
Remark 1

that .7 1s a family of zero4dree meromorphic functions in

Suppose additionally in Lemma 1

the domain D. Then the real number ¢ in Lemma 1 can
be such that -1 < o < @

We also need the following result to prove the
main results in this paper.

Lemma 2 "®  Let f be a meromorphic function
on C. If f has bounded spherical derivative on C then f
is of order at most 2. If in addition fis entire then the

order of fis at most 1.
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Next we introduce the following result which is o—
riginally due to Clunie * for the composition of two
transcendental entire functions. Later on this result was
proved e. g. in YangYi* for the composition of a
nonconstant entire function and a transcendental mero—
morphic function as follows.

Lemma 3 * "

Suppose that g is a transcenden—
tal meromorphic function and that A is a nonconstant
entire function. Then
lrith(r g(h))/T(r h) =
The next result is due to Clunie *
Lemma 4

M(rfog) =M((1+0(1))M(rg) /)

asrt ¢ K and o where and what follows E denotes

If f and g are entire functions then

an exceptional set of finite logarithmic measure not
necessarily the same at each occurrence.

Finally we give the following result due to Berg—
weiler ° which plays an important role in proving the

main results of this paper.

Let f C—>CU{o} be a rational
function of degree at least 2 let D C C be a domain let

Lemma 5

h: D—-CU{ o} be meromorphic and nonconstant and
Let I" be a family of all holomorphic functions g: D C C
such that f{ g(z) ) # h(z) for all z € D. then I" is nor—
mal.

Lemma 6 *  Suppose that f and g are two non—
constant rational functions such that f and g share 0 1

o CM. Then f=g.

2 Proofs of the Theorems

Proof of Theorem 7 We may assume that D =
{z: |z| <1} . Suppose that .7is not normal in D. With—
out loss of generality we assume that .7 is not normal at
o =0 .Then by Lemma 1 and the assumptions of The—
orem 7 we can find that there exist points z, — 0
|z,| < 1 positive numbers p, p, — 0" and a subse—

quence of functions g, €.# such that

gz, +pL) =1h,(0) —h(Q) (1)
and so
Mgz, +p0)) =fh(0) —AK))

spherical uniformly on compact subsets of C where h is
some nonconstant entire function. From (1) Lemma 2

and Marty” s Theorem we have p(h) < 1. By the as-

sumptions of Theorem 7 and Hurwitz” s Theorem we de—
duce that every zero of f{ h) — @, is of multiplicity =2
and that f{ h) and h share o, IM in the complex plane.

Therefore by the second fundamental theorem we have

I(r f(h))

<M 7y =a) M i )
S(r fIR) !

S(r fUh))
which implies

T(r fTh))

‘%( ﬂm—aJ ( ﬂm{uJ+
<2 TCr fUR)) +T(r ) +S(r f(R))

<2T(r h) +S(r f{h))

and so
limFT(rf(h))/T(rh)$2. (2)
roor¢k
On the other hand by Lemma 3 we have
LimT(r f{R))/T(r h) =« (3)

From (2) and (3) we get a contradiction. This
completes the proof of Theorem 7.

Proof of Corollary 1 We may assume that D =
{z |z| <1} . Suppose that .7is not normal in D. With-
out loss of generality we assume that .7is not normal at
zy = 0.Then by Lemma 1 and the assumptions of Cor—
ollary 1 we can find that there exist points z, — 0

p, — 07 and a subse-

quence of functions g, € #such that (1) holds and so
gz, +p0) =(z, +p,0) =h,({) (2, +p,{) —h({)

and
Me(z, +p.L)) = (2, +p.d)
(2, +pd) —AKD)
spherical uniformly on compact subsets of C where h is
Lemma 2
< 1.By Hurwitz’ s

=fTh(0)) -

some nonconstant entire function. From ( 1)
and Marty’ s Theorem we have p( h)
Theorem and the assumption that for any g e .7 f( g)
and g have the same fixed points we deduce that f{ h)
and h share O IM. From Lemma 3 Hurwitz’ s Theorem
and the assumption that for any g € .7 every zero of
flg) —a,andf{ g) - a,is of multiplicity =2. We con—
sider the following two cases:

(1) Suppose that o; 7 0 and o, # O . Then by the

second fundamental theorem we have

2T(r f(h)) sN(rﬁ)+N(rm)+
N ﬂm—u) S(r k) <
Mr ) oM =) 2N o e
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S(r AR)) <T(r AR)) +T(r k) +S(r AAR))

and so from Lemma 3 we have T(r f{h)) <T(r h) +

S(r fTh)) < S(r fTh))
(ii) Suppose that0 e {a; a,}

which is impossible.
say a, = 0 and
a; # 0. Then by Theorem 7 we can get the conclusion
of Corollary 1.

This completes the proof of Corollary 1.

Proof of Theorem 8 Suppose that z, € D is any
given point. We consider the following three cases:

(1) Suppose that z, € D is such a point that for
any given sequence of functions f, € .7 there exist a
subsequence of £, say itself such thatf,(z) # a(z) for
all z € A(z, ) CD. Combining this with the assump—
tions of Theorem 8 we can find that f,(z) — a(z) and
R(f,(2)) — a(z) share 0 IM in A(z, §)
R(f(2)) —alz) #0forall z e A(z, 8) CD. This
together with Lemma 5 implies that {f,} is normal in
Az, 9) .

(1ii) Suppose that z, € D is such a point that there

and so

exist an infinite subsequence of f, €. #such thatf,(z,) =
a(z,) wherez, is an infinite sequence of points such
that z, —z, . Then by the assumptions of Theorem 8 we
have R(f,(z,)) = af =)

R(a(z,)) =alz,) . (4)
By the assumptions of Theorem 8 we know that there

. . - AA A
exist [ = 2 distinct finite complex values z, z, ** z,

and so we have

such that R( 2]) = Qj forl <j <! wherel =2isa
positive integer satisfying2 < [ < n . Noting that ot is a
holomorphic function in D we have afz,) # oa We
consider the following two subcases:

Subcase 1  Suppose that af z,) €{ 2].: 1sj<l}.
Then we can deduce by (4) that there exist a subse—

. . A
quence of points z, say itself such that a( z,) = z; for

A AA A . o
some point z; € {z, z, *** z,;} . Combining this with
the isolation of zeroes of a nonconstant analytic function

in a domain and the supposition limz, =z, we can de-

n—oo

duce that @ is a constant which contradicts the assump—

tion of Theorem 8.

Subcase 2 Suppose that af z,) ¢ { jS IESE)S
By letting n — o we have from (4) that R(afz,)) =
afz,) and so af z,) e { QJ-Z 1 <j<I(} whichisim-
possible.

(ii1) Suppose thatz, € D is such a point that there

exist an infinite sequence of functions f, € .7 such that
f.(z) = az) and such that f,(2) # «afz) for all
z e Az 6)
bining this with the assumption that R( f,) — a and f, -
o share 0 IM we can get R(f,) (2) — a(z) 0 for all
z e Az 6)
{/.} is normal inA“( z, J)
quence of {f,}

where 8 is some positive number. Com—

and so by Lemma 5 we can find that
and so there exist a subse—
say itself such that

£2) —A2) (5)
or

J,(2) — o0 (6)

spherical uniformly on compact subsets of Az, §)
where f = ods a holomorphic function defined on A1 z,
5) . We discuss the following two subcases:
Suppose that (6) holds. Then by
(6) and the Cauchy’s Integral Formula we can get
(1/f)) ~—0 (7)

spherical uniformly on compact subsets of Az, 8) .

Subcase 1

Next we denote by Z, and P, the numbers of zeros and
poles of a meromorphic function h in A(z, §) respec—
tively where each zero and each pole are counted ac—
cording their multiplicities. Then by (6) and (7) the
argument principle and the assumption that a(z) == 0

for any z € A(z, 6) we get

Zl/fn—l/a - Pl/f"—l/a =
RN ACIE ETR
2qidizzi =6 1/f,(2) — 1/a(2)
_ L als 4. __
2’]Tijz—zol =5 af 2) dz == n(z 1/a) (8)

where the notation n( z, 1/a) is such thatn(z, 1/a) =0
if a(z,) #0 andthatn(z, 1/a) is the multiplicity of
the zero z = z, of aif a( z,) = 0. We consider the fol—
lowing three subcases:

Subcase 1.1 Suppose that a( z,) # 0 and that
there exist a subsequence of {f,} say itself such that
for every positive integers n = 1 we have f,(z,) -
of z,) # 0. Combining this with (6) and (8) we
have Z, = P, = 0and so1/(f, - a) is a holomor—
phic function in A(z, 8) for sufficiently large positive
integer n. Moreover from (6) we have

1/(f, —a) —0 (9)
spherical uniformly on compact subsets of A(z, 8) .
By (9) and the Maximum Modulus Theorem we can
find that there exists some positive constant M( §) de—

pending only upon § such that for sufficiently large pos—
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itive integer n we have
1/(f, - o) | < M(5) (10)

for all z € A(z, 6/2) . From (10) we can find that
{1/(f, —a)} and sof, is normal in A(z, 6/2) .

Subcase 1.2  Suppose that a( z,) = 0 and that
there exist a subsequence of {f,} say itself such that
for every positive integers n = 1 we have f,(z,) -
afz,) =f,(z) #0.Combining this with (6) we can
find that 1/f, is holomorphic in A( z, 8) for sufficiently
large positive integer. Therefore from ( 6) and the
Maximum Modulus Theorem we can see that there ex—
ists some positive number M( §) depending only upon §
such that for sufficiently large positive integer n we
have

[1/f,(2) [< M(9) (11)

for all z € A(z, 6/2) . From (11) we can see that
{1/f} and so{f,} is normal in A(z, 6/2) .

Subcase 1.3  Suppose that there exist a subse—
quence of {f,}

integersn = 1 we have f,(z,) — a(z,) = 0.Combi-

say itselfl such that for every positive

ning this with the assumption that R(f,) —aandf, — «
share 0 IM we have
R(a(z)) = afz) -
On the other hand by the assumptions of Theorem 8 we
can see that there exists a value o, such that R( o;) =
o, and a, # a( z,) . This together with the fact R( z) #
zforallz € Az, 8) implies that 1/( f, — @;) is a hol-
omorphic function in A( z, 8) for sufficiently large pos—
itive integer n. Moreover from (5) we have
U, - ) — 1/ - ) (12)
spherical uniformly on compact subsets of A"(z, §) .
From ( 12) and Hurwitz’ s Theorem we can see that
1/(f - «;) is a holomorphic function in A7z, d) .
Therefore by the Maximum Modulus Theorem we can
see that there exists some positive number M( z, §) de—
pending only upon f and & such that for sufficiently
large positive integer n we have
L/ f, - a,) [ < Mz 6) (13)
for all z € A(z, 6/2) . From (13) we can see that
{1/(f, —a,)} and so{f,} is normal in A(z, §/2) .
Subcase 2 Suppose that (5) holds and that f ==
0in A7z, 8) . Then by Hurwitz’ s Theorem and the
assumption that {f,} is a family of holomorphic func—

tions we have that fis a holomorphic function in A ( z,

8) . Therefore by the Maximum Modulus Theorem we
can find that there exists some positive constant M( §)
depending only upon 8 such that for sufficiently large
positive integer n we have

f.(2) | < M(9)

for all z € A(z, 8/2) . This together with the fact that
{/.} is a family of holomorphic functions in A(z, §)
implies that {f,} is normal in A(z, §/2)

the conclusion of Theorem 8.

this reveals

Suppose that f( z) =0 for every z € Az, §) .
Then by the Maximum Modulus Theorem we can find a
constant M > 0 such that for sufficiently large positive
integer n we have f,(z) < M for all z € A(z, 6)
which also reveals the conclusion of Theorem 8.

Theorem 8 is thus completely proved.

Proof of Theorem 10 Suppose that z, € D is
any given point. We consider the following three cases:

(1) Suppose that z, € D is such a point that for a
given sequence of functions f, .7 there exist a subse—
quence of f, say itself such thatf,(z) # zfor allz e
A(z, 8) C D where and in what follows A(z, 8) =
{z \z _ZO‘ < 8} & > 0 is some positive number.
Then by the assumptions of Theorem 10 we can find
thatf,(z) —zand R(f,(2)) - zshare 0 IM in A( z,
6) and so R(f,(2)) -z # Oforall zeA(z, 8) CD.
This together with Theorem 6 implies that {f,} C.7is
normal in A(z, ) .

(ii) Suppose that z, € D is such a point that for a
given sequence of functions f, € .7 there exist an infi—
nite subsequence of f, say itself such that f,( z,) =z,
where z, is a sequence of points such that z, — z, .
Then by the assumptions of Theorem 10 we have
R(f,(z)) =z, and so we have

R(z,) = (14)

z"
Noting that there are at least [ < n distinct finite com—

AA A A A
plex values z, z, -+ z,such that R( z;) = z,forl <

J <1 we consider the following two subcases:
Subcase 1 Suppose that Qjo e{ jS ls;j<l}.
Then we can deduce by (14) that there exist a subse—
say itsell such that z, = Qjo for
S A AA
some pomnt z; € { 2, 2,

quence of points z,

A . L
=+ z,} . Combining this with
the isolation of zeroes of a nonconstant analytic function

in a domain and the supposition limz, =z, we can de—

n—o0

duce that z is a constant which is impossible.
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Subcase 2 Suppose that z, ¢ { 21-2 l<s;j<s10}.
By letting n — o we have from ( 14) that R( z,) =z,
and soz, e { 21.1 1 <j <1} which is impossible.

(1i1) Suppose thatz, € D is such a point that for a
given sequence of functions f, € .7 there exist an infi—
nite subsequence of f, say itself such that f,( z,) = z,
and such thatf,(z) # zforallz € A7z, §)
is some positive number. Then by Theorem 6 we can
find that {f,} is normal in A7z, §)

exist a subsequence of {f,}

Jo =t

where §

therefore there
say itself such that

(15)
or

n Y

(16)
spherical uniformly on compact subsets of A( z, §)
where f % ods a meromorphic function defined in A z,
8) . We consider the following three subcases:

Suppose that ( 16) holds. Then by
the Cauchy’ s Integral Formula we can get

(1/f) ~—0

spherical uniformly on compact subsets of A7z, §) .

Subcase 1

Next we denote by Z, and P, the numbers of zeros and
poles of a meromorphic function h in A(z, 36/4) re-
spectively where each zero and each pole are counted
according their multiplicities respectively. Then by
(15) ~(16) and the argument principle we get

N O .

Zip e =Py = 5=
1/f,~1/z 1f,-1/2 2mi 1/f(2) -1/z

1 1
ZTrijz—zO\ =38/4 Z dz. ( 17)

We consider the following three subcases:
Subcase 1.1 Suppose that z, # 0 and that there
exist a subsequence of { f,} say itself such that for ev—

ery positive integers n = 1 we havef,(z,) -z, #0 .

Then LJ Ldz = 0. Combining this with
21 | zozy 123574 2z

(16) and (17) we have Z, . = P, =0 and sol/
(f, —2) is a holomorphic function in A( z, 36/4) for
sufficiently large positive integer n. Moreover by ( 16)
we have

1/(f, —z) —0 (18)
spherical uniformly on compact subsets of A(z, 8) .
Noting that 1/(f, — z) is a holomorphic function in
A7z, 8) for sufficiently large positive integer n we
can find by ( 18) and the Maximum Modulus Theorem

that there exists some positive constant M( §) depen—

ding only upon § such that for sufficiently large positive
integer n we have
[1/(f, = 2) | < M(95) (19)
for all z € A(z, 8/2) . From (19) we can find that
{1/(f, =2} and sof, is normal in A( z, 6§/2) .
Subcase 1.2  Suppose that z, = 0 and that there
exist a subsequence of {f,} say itself such that for ev—
ery positive integers n = 1 we have f,(z,) -z, =

f.(z,) # 0. Combining this with ( 16)
that 1/f, is a holomorphic function in A( z, §) for suffi—

we can find

ciently large positive integer n. Therefore by the Maxi—
mum Modulus Theorem we can find that there exists
some positive constant M( 8) depending only upon &
such that for sufficiently large positive integer n we
have
[1/£,(2) | < M(5) (20)
for all z € A(z, 6/2) . From (20) we can see that
{1/f,} and so {f,} is normal in A(z, 6/2) .
Subcase 1.3  Suppose that there exist a subse—
quence of {f,}
integersn = 1 we have f,(z,) -z, = 0. Then from

the assumption that R( f,) —zandf, — zshare O IM we

say itself such that for every positive

can see that
R(z) =z, .
On the other hand by the assumptions of Theorem
10 we can see that there exists a value o, such that
R(o,) = o, and a, # z, . This together with the fact
R(z) #zforallz e Az, 6) implies that 1/( f, — a,)
is a holomorphic function in A(z, 8) for sufficiently
large positive integer n. Moreover from ( 16) we have
U, - ) —0 (21)
spherical uniformly on compact subsets of A(z, 8) .
From ( 21) and the Maximum Modulus Theorem we
can see that there exists some positive number M( z,
8) depending only upon z, and § such that for suffi-
ciently large positive integer n we have
[L/(f, - ay) | < M(2 6) (22)
for all z € A(z, 8/2) . From (22) we can see that
{1/(f, —a,)} and so{f,} is normal inA(z, 6/2) .
Subcase 2 Suppose that ( 15) holds and that
Al =0
for all z € A{z, 8) . Then by replacing 1/f, with f, in
Subcase 1 and in the same manner as in the proof of Sub—

case 1 we can prove that {f,} is normal in A(z, §/2) .
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Subcase 3  Suppose that ( 15) holds and that
Az) #0 o (23)

for allz € A7z, 6) . First of all by the principle of i—
solated zeroes the assumption that f — z and R(f) - z
share 0 IM in A( z, 8) and the fact R # z we can find
some sufficiently small positive number § such that
R(z) #zforallz € A{z, 8) .we consider the follow—
ing two subcases:

Subcase 3.1
quence of {f,}

Suppose that there exist a subse—
say itself such that

Ji(z) e {zR(2) =z} (24)

for alln = 1. Then there is a subsequence of {f,}

say itself such that
limf,(z) =2, 1<j<I (25)

where éj e {zR(z) = z} is some point say QJ- = 91.
Suppose that 21 # z, . Then from (25) and the
fact R(z) # zforallz € A(z, 8) we can see that for
sufficiently large positive integer n 1/(f, —z) is a hol-
omorphic function in z € A(z, 8) . Next in the same

manner as in Subcase 1.3 we can prove that { 1/(f, -

z)} and so{f,} is normal in A(z, 6/2) .

Suppose that 2 . = z,and that{f,} is not normal at
z, - Then there exists some neighbourhood of z, say
|z - z,| < &such that {f,} is not normal in lz2-2z,] <
8. Then by Lemma 1 we can find that there exist points
z, =2z, |z, —z,| <& positive numbers p, p, — 0"
and a subsequence that belong to {f,} say {f,} itself
such that

fulz, +p.0) 0 = g.(0) —&(d) (26)
spherical uniformly on compact subsets of C where g is
some nonconstant meromorphic function of order
p(g) < 2. Therefore
fulz, +p.8) = (2, +pd) =20 - (z, +pf) =:
H,(0) —ald) - (27)
and
ROz 4+p0)) = (2, 4+p.0) —R(a(0)) —2 (28)
spherical uniformly on compact subsets of C. By the as—
sumption of Theorem 10 we can find that there exist
two distinct finite values 8, and B, in the complex plane
such that 8, # z, and B, # z, and such that R(B,) =
B; for j =1 2. Combining this with the assumption that
for every fe.”7 f-zand R(f) —z share 0 IM in D we
can deduce from (26) ~( 28) and Hurwitz’ s Theo—
rem that g and R( g) share 8, B, and z, IM. Next we

prove the following claim:

(1) g(£) - 2, has at most one zero in the complex
plane.

We prove the claim ( i) : Suppose that 1, and 7,
are two distinct finite values in the complex plane such
that g(n,) = g(m,) = z, . Then for sufficiently small

positive number § satisfying 6 < |y, — 5, | we have

A(m, 872) NA(n, 8/2) = where (J) denotes the
empty set. Combining this (26) and Hurwitz’ s Theo—
rem we can find that there exist a sequence of points
£, such that
e +0d) (o +pd) = 0(E, —m) - (29)
By the assumption that for every fe.7 f —z and R(f) —
zshare 0 IM in D we can get from (29) that
R(f.(z, +p.L.)) = R(z, +pL,) =2z, +pd,
(4, —m) - (30)
On the other hand by (24) ~(25) the supposi—
tions 21 =z and R(z) # zforallz e Az, §) we can
deduce for sufficiently large positive integer n that
z, +p.L, =z . (31)

Similarly we can find that there exist a sequence of

points 2 , such that for sufficiently large positive integer

n we have
R(f(z, +p.L.)) = R(z, +p,L.) =z +p.d,
(¢ —m) (32)
and
zn +pn,2n, = Z() . (33)
From (31) and (33) we have
Zn +pn§n = Z" +p112n = z()
and so
g/b = 2n = (ZO _zu) /pn (34)

for sufficiently large positive integer n. From ( 30) and
(32) we have/, — 7, and 2n — 7, . This with ( 34)

and the supposition 1, # 7, we can get a contradic—
tion. This proves the claim ( i) . Then by the standard
Valiron-Mokhon” ko lemma *'
small functions theorem *
and the fact that g and R( g) share 8, B8, and z, IM we

have

Nevanlinna’ s three

the assumption deg R =3

( R( g)1 —zo) *

3T(r g) <T(r R(g)) +0(1) <N|r
)+O(logr) =

(r R( g)1 -B»
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N(r g—zo) +N(r g—Bl) +N(r g—Bz) *

O(logr) <2T(r g) +0(logr) (35)
and so T(r g) =O(log r) which implies that g and
R( g) are a nonconstant rational function. Thus ( 35)

can be rewritten as

3T(r g) +0(1)
which implies that

Vo(r o) e velr g ) velr 25 -

o(1) (36)
where N,(r 1/(g - z,)) denotes the counting func—

tion of those zeros of g — z,( counted with proper multi-
plicities) whose multiplicities are not less than 2
No(r 1/(g =B))) and N,(r 1/(g = B,)) have the
similar meanings. Therefore by (36) we can see that g
and R( g) share z, B; and B, CM in the complex plane.
This together with Lemma 6 gives g =R(g) and so
37(r g) <T(r R(g)) +0(1) <T(r g) +0(1)
i.e. T(r g0 =0(1) which is impossible.

Subcase 3.2 Suppose that there exist a subse—

say itself such that

flz) € {=R(2) =2) (37)

for every positive integer n = 1 . Then from (37) the

quence of {f,}

assumption of Theorem 10 and the fact R(z) # z for all
z e Az, 8) we can deducef,(z) —z#O0forallz e
A(z, 8) and so{1/(f, —z) } is a family of holomor—
phic functions in A(z, 8) . Moreover from ( 15) we
have

/(f, —2) = 1/(f-2) (38)
spherical uniformly on compact subsets of A"(z, 8) .
By (23) we can deduce that 1/(f -2) #£0inA1z,
8) . This together with (38) and the Hurwitz’ s Theo—
rem implies that 1/(f — z) is holomorphic in A“( z,
8) . From (38) and the Maximum Modulus Theorem we
can see that there exists some positive constant M that
depends only upon f and § such that for sufficiently

large positive integer n we have

1/ (fi(2) -2) s M (39)
for all A(z, 8/2) . From (39) we can deduce that
{1/(f,(2) =2} andso{f,} is normal in A(z, 6/2).

Theorem 10 is thus completely proved.
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