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0 Introduction and Main Ｒesults

Hilbert's 19th problem conjectures that if all coef-
ficients ak = ak ( t，z) of the following homogeneous lin-
ear partial differential equations of the second order in
two independent real variables t and z

a0
2u
t2

+2a1
2u
tz

+ a2
2u
z2

+ a3
u
t

+ a4
u
z

+ a6u =0 ( 1)

are analytic on t and z，then any solution u = u( t，z) of
an elliptic equation of the form ( 1) also is analytic on
its existing region，which was confirmed by S． N．
Bernteǐn［1］． After being influenced by Cauchy-
Kowalewski' s existence theorem，H． Lewy［2］ gave a
simple proof by extending t and z to a domain of C2 ．

By substituting polar coordinates
ρ = x2 + y2，τ = ( x2 － y2 ) / ( x2 + y2 )

in the partial differential equation
2U
x2

+ 
2U
y2

+ 4μ + 1
x
U
x

+ 4v + 1y
U
y

+ k［4λ －

k( x2 + y2) ］U = 0， ( 2)

P． Henrici［3］ changed the equation ( 2) into the form

ρ2 
2v
ρ2

+ ( 1 － τ2 ) 
2v
τ2

+ 2( μ + v + 1) ρ vρ
+ 2［μ －

v － ( μ + v + 1) τ］vτ
+ kρ( λ － kρ

4 ) v = 0

and then by the usual separation method v ( ρ，τ ) =
Ｒ( ρ) T( τ) ，found that Ｒ( ρ) and T( τ) have to satisfy
separately the equations
d2Ｒ
dρ2

+2( μ + v +1) 1ρ
dＲ
dρ

+ ( － s
ρ2

+ kλ
ρ
－ k2
4 ) Ｒ =0 ( 3)

and

( 1 － τ2) d
2T
dτ2

+2［μ － v － ( μ + v +1) τ］dTdτ
+ sT =0， ( 4)

where s is a separation parameter． Writing s = n( 2μ +
2v + n + 1 ) ，he found that solutions of ( 3 ) which are
regular near ρ = 0 are represented for n = 0，1，2，… by

Ｒ( ρ) = ρ － μ － v － 1Mλ，μ + v + 1 /2 + n ( kρ)
where M denotes the Whittaker function of the first
kind，while ( 4) has for the same values of s the Jacobi
polynomial solution T( τ) = P ( 2v，2μ)n ( τ) in the notation
of G． Szeg［4］，and further studied some analytic prop-
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erties of the functions
u( t，z) = Ｒ( zt) T( ( z2 + t2 ) / ( 2zt) )

considered as functions of the two complex variables
z = x + iy and t = x － iy，which satisfy the differential
equation

2u
tz

+ 2μ +1 /2z + t
{ u
z

+ u
t
} － 2v +1 /2z － t

{ u
z

－ u
t
} +

k( λ － kzt
4
) u = 0．

Several authors［5-8］ studied basic properties and
characterization of meromorphic solutions on first-order
partial differential equations ( or system ) ． Ｒecently，
we［9-13］ study entire ( or meromorphic ) solutions of
homogeneous linear partial differential equations ( 1) of
the second order in two independent complex variables
t and z，where ak = ak ( t，z) are holomorphic functions
for ( t，z) ∈，in which  is a region on C2 ．

Here we will characterize analytic solutions for a
series of special cases of ( 1) ． For simple，we focus on
entire solutions of these kind of equations．

1 Series Expansions Involving Jacobi
Polynomials
First of all，we make some remarks for Jacobi pol-

ynomials． For complex numbers a，b，c∈C，the hyper-
geometric function is defined by the Gauss series ( or
hypergeometric series)

F( a; b; c; z) = ∑
∞

n = 0

( a) n ( b) n
n! ( c) n

zn，

which is convergent when z ＜ 1，and satisfies Gaussi-
an differential equation

z( 1 － z) d
2w
dz2

+ { c － ( a + b + 1) z} dwdz － abw = 0 ( 5)

where ( α) n is Pochhammer's symbol

( α) n =
α( α + 1) …( α + n － 1) ，n≥1，
1， n = 0{ ．

The equation ( 5) also has the solution
z1 － cF( a + 1 － c，b + 1 － c; 2 － c; z) ．

By using the transformation z = ( 1 － t) /2 and setting
a = － n，b = α + β + n + 1，c = α + 1，one transfers the
( 5) into the form
( 1 － t2 ) d2v /dt2 － { α － β + ( α + β + 2) t} dv /dt +

n( α + β + n + 1) v = 0
with solutions

P ( α，β)n ( t) = ( α + 1) nF( － n，α + β + n + 1; α + 1;
( 1 － t) /2) /n! ，

Q( α，β)n ( t) = ( ( 1 － t) /2) － αF( － n － α，β + n + 1;
1 － α; ( 1 － t) /2) ．

G． Darboux［14］ obtained an asymptotic formula
P ( α，β)n ( t) = P ( α，β) ( t) n － 1 /2ωn ( t) { 1 + p ( α，β)n ( t) } ( 6)
for n≥1，where ω( t) is the inverse of Zukowski trans-
formation t = ( ω + ω － 1 ) /2 for which ω ( ∞ ) = ∞，
P ( α，β) ( t) ≠0 and { p ( α，β)n ( t) } ∞n = 1 are analytic functions
holomorphic in the region C －［－ 1，1］and such that
lim
n→∞

p ( α，β)n ( t) = 0 uniformly on every compact subset of

this region．
For the case α，β ＞ － 1，the corresponding func-

tions of second kind { Q( α，β)n ( t) } ∞n = 1 can be defined in
the region C －［－ 1，1］by the equalities

Q( α，β)n ( t) = － ∫
1

－1

( 1 － ζ) α ( 1 + ζ) βP ( α，β)n ( ζ)
ζ － t dζ，

n = 0，1，2，…
which satisfy the following asymptotic formula:
Q( α，β)n ( t) =Q

( α，β) ( t) n －1 /2ω － n －1( t) { 1 + q( α，β)n ( t) } ( 7)
for n≥1，where Q( α，β) ( t) ≠0 and { q ( α，β)n ( t) } ∞n = 1 are
holomorphic functions in the region C －［－ 1，1］such
that lim

n→∞
q ( α，β)n ( t) = 0 uniformly on every compact sub-

set of this region［4］．
Further，if 1 ＜ r ＜ ∞，we denote by E( r) the inte-

rior of the ellipse γ( r) = { t∈C ω( t) = r} and we
assume by definition that E( ∞ ) =C． Basing on Christ-
offel-Darboux formula for Jacobi polynomials and func-
tions of second kind［4］，and on the asymptotic formulas
( 6) and ( 7) ，a trivial application of the Cauchy inte-
gral formula leads to the following result［15-18］:

Theorem 1 Let α，β ＞ － 1，1 ＜ Ｒ≤∞ and let f
be a holomorphic function in the region E( Ｒ) ． Then f
can be represented in this region by a series

f( z) = ∑
∞

n = 0
anP
( α，β)
n ( z)

with the coefficients

an = 1
2πiI( α，β) ∫γ( r) f( ζ) Q( α，β)n ( ζ) dζ，n = 0，1，2，…

for 1 ＜ r ＜ Ｒ，where
I( α，β) =
2α + β + 1Γ( n + α + 1) Γ( n + β + 1)

( 2n + α + β + 1) Γ( n + 1) Γ( n + α + β + 1)
，n≥1，

2α + β + 1Γ( α + 1) Γ( β + 1)
Γ( α + β + 2)

， n = 0{ ．
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Moreover，P． Ｒusev［17］ remarked that Theorem 1
is valid also for Jacobi polynomials of arbitrary complex
numbers α，β such that α，β，α + β≠ － 1，－ 2，
…［19-20］． In the sequel，we will use Jacobi polynomials
of this kind of parameters α，β．

1． 1 Products of Jacobi Polynomials

Here we consider the following partial differential
equation
( 1 － t2) 2u /t2 － ( 1 － z2 ) 2u /z2 － { α － β + ( α +

β + 2) t} u /t + { μ － v + ( μ + v + 2) z} u /z = 0 ( 8)
with μ + v = α + β，where α，β ( resp． μ，v) satisfy ex-
pansion conditions of analytic functions ( see Theorem
1 and the remark after it) ．

By using the usual separation method u ( t，z ) =
v( t) w( z) ，then v ( t) and w ( z) have to satisfy sepa-
rately the equations

( 1 － t2 ) d
2v
dt2

－［α － β + ( α + β + 2) t］dvdt + sv = 0 ( 9)

and

( 1 － z2) d
2w
dz2

－［μ － v + ( μ + v +2) z］dwdz + sw =0 ( 10)

where s is a separation parameter． Writing s = n ( α +
β + n + 1) ，the solutions of ( 9) which are regular near
t = 0 are represented for n = 0，1，2，… by v ( t ) =
P ( α，β)n ( t) ，while ( 10) has for the same values of s the
Jacobi polynomial solution w ( z ) = P ( μ，v)n ( z ) ，and
hence ( 8 ) have polynomial solutions u ( t，z ) =
P ( α，β)n ( t) P

( μ，v)
n ( z) for each n = 0，1，2，…． Generally

speaking，the following result characterizes all entire
solutions of ( 8) ．

Theorem 2 The partial differential equation ( 8)
has an entire solution f( t，z) on C2 if and only if f( t，
z) is an entire function on C2 expressed by

f( t，z) = ∑
∞

n = 0
cnP
( α，β)
n ( t) P

( μ，v)
n ( z) ( 11)

such that lim sup
n→∞

cn
1 /n = 0．

Proof Let f( t，z) be an entire solution of ( 8 ) ．
For any t∈C，we obtain an entire function ft ( z) = f( t，
z) on z∈C which has a Neumann expansion［15-18］

ft ( z) = ∑
∞

n = 0
vn ( t) P

( μ，v)
n ( z)

such that
lim sup

n→∞
vn ( t)

1 /n = 0． ( 12)

Set pα，β ( t) = α － β + ( α + β + 2) t，s = n( α + β +

n + 1) ． Since f( t，z) is a solution of ( 8) ，we find

0 = ( 1 － t2 ) 
2 f
t2

－ ( 1 － z2 ) 
2 f
z2

－ pα，β ( t)
f
t

+

pμ，v ( z)
f
z

=∑
∞

n =0
{ ( ( 1 － t2)

d2vn( t)
dt2

－ pα，β( t)
dvn( t)
dt +

svn ( t) ) P
( μ，v)
n ( z) － vn ( t) ( ( 1 － z2 )

d2P ( μ，v)n ( z)
dz2

－

pμ，v ( z)
dP ( μ，v)n ( z)

dz + sP ( μ，v)n ( z) ) } ，

which means
( 1 － t2 ) d2vn ( t) /dt

2 － pα，β ( t) dvn ( t) /dt + svn ( t) = 0．
Therefore，there exists constants cn，dn such that

vn ( t) = cnP
( α，β)
n ( t) + dnQ

( α，β)
n ( t) ． Note that vn ( t) are

entire functions，so that dn = 0，and hence

ft ( z) = ∑
∞

n = 0
cnP
( α，β)
n ( t) P

( μ，v)
n ( z) ．

By using asymptotic formula of P ( α，β)n ( t) ，we easi-
ly find

lim
n→∞

P ( α，β)n ( t)
1 /n = t + t2槡 + 1 ，

and hence the condition ( 12) may be replaced by
lim sup

n→∞
cn

1 /n = 0．

Conversely，it is easy to check that the entire func-
tion defined by ( 11) satisfies ( 8) ．

Ｒemark 1 The partial differential equation ( 8)
have meromorphic solutions． For example，let Pn ( t) =
P ( 0，0)n ( t ) be the Legendre' s polynomial of degree n
and let Qn ( t) be the Legendre' s function of second
kind of degree n． Then

1 / ( z － t) = ∑
∞

n = 0
( 2n + 1) Qn ( z) Pn ( t)

is a solution of ( 8) with α = β = μ = v = 0．
1． 2 Products of Legendre's Polynomials and Bes-

sel Polynomials
We consider the following partial differential equa-

tion

t2 
2u
 t2

+ ( 1 － z2) 
2u
 z2

+ ( 2t +2)  u
 t

－2z  u
 z

=0． ( 13)

By using the usual separation method u ( t，z ) =
v( t) w( z) ，then v ( t) and w ( z) have to satisfy sepa-
rately the equations

t2d2v /dt2 + ( 2t + 2) dv /dt － sv = 0 ( 14)
and
( 1 － z2 ) d2w /dz2 － 2zdw /dz + sw = 0， ( 15)

where s is a separation parameter． Writing s = n ( n +
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1) ，the solutions of ( 14) which are regular near t = 0
are represented for n = 0，1，2，… by the Bessel polyno-
mials

v( t) = yn ( t) : = ∑
n

k = 0

( n + k) !
( n － k) ! k! ( t /2)

k ，

while ( 15 ) has for the same values of s the Legendre
polynomial solution w ( z) = P ( 0，0)n ( z) : = Pn ( z) ，and
hence ( 13) have polynomial solutions u( t，z) = yn ( t) ·
Pn ( z) for each n = 0，1，2，…． Generally speaking，the
following result characterizes all entire solutions of
( 13) ．

Theorem 3 The partial differential equation
( 13) has an entire solution f( t，z) on C2 if and only if
f( t，z) is an entire function on C2 expressed by

f( t，z) = ∑
∞

n = 0

cn
n! yn ( t) Pn ( z) ( 16)

such that
lim sup

n→∞
cn

1 /n = 0． ( 17)

Proof Let f( t，z) be an entire solution of ( 13) ．
For any t∈C，the entire function ft ( z) = f( t，z) on z∈

C has a Neumann expansion［15-18］ft ( z) = ∑
∞

n = 0
vn ( t) ·

Pn ( z) such that lim sup
n→∞

vn ( t)
1 /n = 0．

Since f( t，z) is a solution of ( 13) ，we find

0 = t2 
2f
t2

+ ( 1 － z2) 
2f
z2

+ ( 2t + 2) f
t

－ 2z f
z

=

∑
∞

n = 0
{ ( t2

d2vn ( t)
dt2

+ ( 2t + 2)
dvn ( t)
dt － n( n +

1) vn ( t) ) Pn ( z) + vn ( t) ( ( 1 － z2 )
d2Pn ( z)

dz2
－

2z
dPn ( z)

dz + n( n + 1) Pn ( z) ) } ，

which means

t2
d2vn ( t)
dt2

+ ( 2t + 2)
dvn ( t)
dt － n( n + 1) vn ( t) = 0．

Therefore，there exists constants cn，dn such that
vn( t) = cnyn ( t) /n! + dne

2/ t yn ( － t) ，where e2 / t yn ( － t)
is second independent solution of ( 14) with s = n( n +
1) ． Note that vn ( t) are entire functions，so that dn = 0，
and hence

ft ( z) = ∑
∞

n = 0

cn
n! yn ( t) Pn ( z) ．

Asymptotic properties of Bessel polynomials were
considered already in ［21-22］． It was shown there
that，for fixed t≠0 and n→∞，

yn ( t) ～
( 2n) !
2nn!

tne1 / t ．

If one uses Stirling's formula for the factorials，this
is seen to be equivalent to

yn ( t) 槡～ 2 ( 2nt /e) ne1 / t ．
Moreover，for n ＞ 1，

yn ( t) －
( 2n) !
2nn!

tne1 / t ≤Kn ( t)
( 2n) !
2nn!

tne1 / t ，

where

Kn ( t) =
1

4( n － 1)
1
t2
e1 / t － 1 / t ．

Therefore

lim sup
n→∞

n cnyn ( t) /n槡 ! = 2 t lim sup
n→∞

n c槡 n ．

Thus ( 17) follows．
Conversely，it is easy to check that the entire func-

tion defined by ( 16) satisfies ( 13) ．

2 Series Expansions Involving Bessel
Polynomials
We consider the following partial differential equa-

tion

t2 
2u
t2

－ z2 
2u
z2

+ ( 2t + 2) u
t

－ ( 2z + 2) u
z

= 0． ( 18)

By using the usual separation method u( t，z) = v( t) ·
w( z) ，we easily find that ( 18 ) have polynomial solu-
tions u( t，z) = yn ( t) yn ( z) for each n = 0，1，2，…．
Generally speaking，the following result characterizes
all entire solutions of ( 18) ．

Theorem 4 The partial differential equation
( 18) has an entire solution f( t，z) on C2 if and only if
f( t，z) is an entire function on C2 expressed by

f( t，z) = ∑
∞

n = 0

cn
( n! ) 2

yn ( t) yn ( z) ( 19)

such that
lim sup

n→∞
cn

1 /n = 0． ( 20)

Proof Let f( t，z) be an entire solution of ( 18) ．
For any t∈C，the entire function ft ( z) = f( t，z) on z∈
C has a Neumann expansion［16，23］

ft ( z) = ∑
∞

n = 0

vn ( t)
n! yn ( z)

such that lim sup
n→∞

vn ( t)
1 /n = 0．

Since f( t，z) is a solution of ( 18 ) ，according to
the method in Section 1，we find that vn ( t) satisfy
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t2
d2vn ( t)
dt2

+ ( 2t + 2)
dvn ( t)
dt － n( n + 1) vn ( t) = 0．

Therefore，there exists constants cn，dn such that vn ( t) =
cnyn ( t) /n! + dne

2 / t yn ( － t) ． Note that vn ( t) are en-
tire functions，so that dn = 0，and hence

ft ( z) = ∑
∞

n = 0

cn
( n! ) 2

yn ( t) yn ( z) ，

so that ( 20 ) follows from the arguments in proof of
Theorem 3．

Conversely，it is easy to check that the entire func-
tion defined by ( 19) satisfies ( 18) ．

3 Series Expansions Involving Che-
byshev Polynomials
Chebyshev polynomials Tn ( z) of the first kind are

defined by

Tn ( z) =
n!
( 1 /2) n

P ( － 1 /2，－ 1 /2)n ( z) ，

which satisfy the following differential equations
( 1 － z2 ) d2w /dz2 － zdw /dz + n2w = 0．

3． 1 Products of Chebyshev Polynomials

We consider the following partial differential equa-
tion

( 1 － t2 ) 
2u
t2

－ ( 1 － z2 ) 
2u
z2

－ t u
t

+ z u
z

= 0． ( 21)

By using the usual separation method u( t，z) = v( t) ·
w( z) ，we easily find that ( 21 ) have polynomial solu-
tions u( t，z) = Tn ( t) Tn ( z) for each n = 0，1，2，…．
Generally speaking，the following result characterizes
all entire solutions of ( 21) ．

Theorem 5 The partial differential equation
( 21) has an entire solution f( t，z) on C2 if and only if
f( t，z) is an entire function on C2 expressed by

f( t，z) = ∑
∞

n = 0
cnTn ( t) Tn ( z)

such that lim sup
n→∞

cn
1 /n = 0．

Proof Similar to the proof of Theorem 2，we can
prove this result．
3． 2 Products of Chebyshev Polynomials and Trig-

onometric Functions
We consider the following partial differential equa-

tion
2u /t2 － ( 1 － z2 ) 2u /z2 + zu /z = 0 ( 22)

and characterizes all entire solutions of ( 22 ) as fol-
lows:

Theorem 6 The partial differential equation
( 22) has an entire solution f( t，z) on C2 if and only if
f( t，z) is an entire function on C2 expressed by

f( t，z) = a0 + b0 t +∑
∞

n = 1
( ancos( nt) +

bnsin( nt) ) Tn ( z) ． ( 23)
Proof Let f( t，z) be an entire solution of ( 22) ．

For any t∈C，the entire function ft ( z) = f( t，z) on z∈

C has a Neumann expansion［15-18］ft ( z) = ∑
∞

n = 0
vn ( t) ·

Tn ( z) ． Since f( t，z) is a solution of ( 22) ，we find

0 = 
2 f
t2

－ ( 1 － z2 ) 
2 f
z2

+ z f
z

=∑
∞

n = 0
{ (

d2vn ( t)
dt2

+

n2vn ( t) ) Tn( z) － vn( t) ( ( 1 － z2)
d2Tn( z)
dz2

－ z
dTn( z)
dz +

n2Tn ( z) ) } ，
which means

d2vn ( t) /dt
2 + n2vn ( t) = 0．

According to basic theory of ordinary differential
equations，there exist two constants an，bn such that

vn ( t) =
a0 + b0 t， n = 0，

ancos( nt) + bnsin( nt) ，n≥1{ ．
Thus we obtain the expansion ( 23) ．

Conversely，it is easy to check that the entire func-
tion defined by ( 23) satisfies ( 22) ．
3． 3 Products of Chebyshev Polynomials and Bes-

sel Functions
We consider the following partial differential equa-

tion

t2 
2u
t2

+ ( 1 － z2 ) 
2u
z2

+ t u
t

－ z u
z

+ t2u = 0． ( 24)

By using the usual separation method u( t，z) = v( t) ·
w( z) ，then v ( t) and w ( z) have to satisfy separately
the equations

t2d2v /dt2 + tdv /dt + ( t2 － s) v = 0 ( 25)
and
( 1 － z2 ) d2w /dz2 － zdw /dz + sw = 0， ( 26)

where s is a separation parameter． Writing s = n2，the
solutions of ( 25 ) which are regular near t = 0 are re-
presented for n = 0，1，2，… by the Bessel functions of
the first kind v ( t) = Jn ( t) ，while ( 26 ) has for the
same values of s the Chebyshev polynomial solution
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w( z) =Tn ( z) ，and hence ( 24) have solutions u( t，z) =
Jn ( t) Tn ( z) for each n = 0，1，2，…． Generally speak-
ing，the following result characterizes all entire solu-
tions of ( 24) ．

Theorem 7 The partial differential equation
( 24) has an entire solution f( t，z) on C2 if and only if
f( t，z) is an entire function on C2 expressed by

f( t，z) = ∑
∞

n = 0
n! cnJn ( t) Tn ( z) ( 27)

such that
lim sup

n→∞
cn

1 /n = 0． ( 28)

Proof Let f( t，z) be an entire solution of ( 24) ．
For any t∈C，the entire function ft ( z) = f( t，z) on z∈

C has a Neumann expansion［15-18］ft ( z) = ∑
∞

n = 0
vn ( t) ·

Tn ( z) such that
lim sup

n→∞
vn ( t)

1 /n = 0． ( 29)

Since f( t，z) is a solution of ( 24) ，we find

0 = t2 
2 f
t2

+ ( 1 － z2 ) 
2 f
z2

+ t f
t

－ z f
z

+ t2 f =

∑
∞

n =0
{ ( t2

d2vn( t)
dt2

+ t
dvn( t)
dt + ( t2 － n2) vn( t) ) Tn( z) +

vn ( t) ( ( 1 － z2 )
d2Tn ( z)

dz2
－ z

dTn ( z)
dz + n2Tn ( z) ) } ，

which means
t2d2vn ( t) /dt

2 + tdvn ( t) /dt + ( t
2 － n2 ) vn ( t) = 0．

According to basic theory of ordinary differential
equations，there exist two constants cn，dn such that
vn ( t) = n! cnJn ( t ) + dnNn ( t ) ，where Nn ( t ) is the
second kind of Bessel function ( Neumann function) of
order n． This equation yields easily dn = 0 by studying
the singularity at t = 0． Further，according to the argu-
ments in ［11］，we know that ( 29 ) is equivalent to
( 28) ． Thus we obtain the expansion ( 27) ．

Conversely，it is easy to check that the entire func-
tion defined by ( 27) satisfies ( 24) ．

4 Series Expansions Involving Bessel
Functions
Carl Neumann introduced a polynomial of degree

n + 1 in 1 / t as follows

O0( t) = 1 / t，On( t) =
n
4∑

n/2

k =0

( n － k － 1) !
k!

2( )t
n+1－2k
，

n≥ 1

called the Neumann's polynomial of order n． They have
the generating function

1 / ( t － z) = O0 ( t) J0 ( z) + 2∑
∞

n = 0
O0 ( t) Jn ( z) ，

where Jn are Bessel functions of the first kind． Then the
following fact follows easily from the Cauchy formula:

Lemma 1 ( Neumann ) If f ( z ) is an analytic
function in a closed disc with centre at the coordinate
origin，z is an interior point and C denotes the boundary

of the disc，then f( z) = ∑
∞

n = 0
n! cnJn ( z) ，where

c0 = f( 0) ，cn = 1
πin! ∫COn ( t) f( t) dt．

4． 1 Products of Bessel Functions

We consider the following partial differential equa-
tion

t2 
2u
t2

－ z2 
2u
z2

+ t u
t

－ z u
z

+ ( t2 － z2 ) u = 0 ( 30)

and characterizes all entire solutions of ( 30 ) as fol-
lows:

Theorem 8 The partial differential equation
( 30) has an entire solution f( t，z) on C2 if and only if
f( t，z) is an entire function on C2 expressed by

f( t，z) = ∑
∞

n = 0
( n! ) 2cnJn ( t) Jn ( z) ( 31)

such that lim sup
n→∞

cn
1 /n = 0．

Proof Let f( t，z) be an entire solution of ( 30) ．
For any t∈C，Lemma 1 implies that the entire function
ft ( z ) = f( t，z) on z ∈ C has a Neumann expansion

ft( z) =∑
∞

n =0
n!vn( t) Jn( z) such that lim sup

n→∞
vn( t)

1/n = 0．

According to the method in Section 1，we find that
vn ( t) satisfy

t2d2vn ( t) /dt
2 + tdvn ( t) /dt + ( t

2 － n2 ) vn ( t) = 0．
Therefore，there exists constants cn，dn such that vn( t) =
n! cnJn( t) + dnNn( t) ． Note that vn ( t) are entire func-
tions，so that dn = 0，and hence ( 31) follows．

Conversely，it is easy to check that the entire func-
tion defined by ( 31) satisfies ( 30) ．
4． 2 Products of Bessel Functions and Trigono-

metric Functions
We consider the following partial differential equa-

tion
2u /t2 + z22u /z2 + zu /z + z2u = 0 ( 32)

and characterizes all entire solutions of ( 32 ) as fol-
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lows:
Theorem 9 The partial differential equation

( 32) has an entire solution f( t，z) on C2 if and only if
f( t，z) is an entire function on C2 expressed by

f( t，z) = ( a0 + b0 t) J0 ( z) +∑
∞

n = 1
( ancos( nt) +

bnsin( nt) ) Jn ( z) ．
Proof See Section 3． 2．
For example，the equation ( 32) has an entire so-

lution as follows:

cos( zcos t) = J0 ( z) + 2∑
∞

n = 1
( － 1) nJ2n ( z) cos( 2nt) ．

5 Series Expansions Involving Laguerre
( or Hermite) Polynomials
O． Perron［24］ has studied in details the asymptotic

properties of the confluent hypergeometric function
Φ( a，c; z) as z or one of the parameters a，c tends to
infinity． Using his general results and also the relation

Ln ( β，z) =
( β + 1) n

n! Φ( － n，β + 1; z) ，

one can derive asymptotic formulas for Laguerre poly-
nomials Ln ( β，z) in the region C －［0，∞ ) and on the
ray ［0，∞ ) ［4］． These formulas are sufficient to de-
scribe the region of convergence of a series of the kind

∑
∞

n = 0
anLn ( β，z) ( 33)

basing on

λ0 = － lim sup
n→∞

ln an

2槡n
． ( 34)

Proposition 1［17］ The quantity λ0 defined by
( 34) has the following properties:
( i) if λ0≤0，the series ( 33) is divergent at every

point of the region C －［0，∞ ) ;
( ii) if 0 ＜ λ0≤∞，the series ( 33 ) is absolutely

uniformly convergent on every compact subset of the re-

gion Δ( λ0 ) = { z∈C | Ｒe( － z) 1 /2 ＜ λ0 } and diverges

at every point of the region C － Δ( λ0 ) ．
If we select that branch of z1 /2 for which ( － z) 1 /2

is real and positive when z ＜ 0，then
Ｒe( － z) 1 /2 = { ( r － x) /2} 1 /2 = λ

gives the equation y2 = 4λ2 ( x + λ2 ) of the parabola，
where z = x + iy = reiθ ．

Theorem 10［25-26］ For β ＞ － 1，a function f( z)
of a complex variable z can be expanded into a general
Laguerre series ( 33) at Δ( λ0 ) if and only if f( z) is
analytic on Δ ( λ0 ) and there is a positive number
B( β，λ) associated to every λ with 0≤λ ＜ λ0 such
that

f( z) ≤B ( β，λ) exp { x /2 － x 1 /2 ( λ2 － ( r －

x) /2) 1 /2 } ，z∈Δ( λ) ． ( 35)
For series in Hermite polynomials Hn ( z) ，i． e． se-

ries of the type

∑
∞

n = 0
anHn ( z) ( 36)

the following holds
Proposition 2［17］ The quantity

τ0 = － lim sup
n→∞

ln ( 2n /e) n /2an

2n槡 + 1
has the following properties:
( i) if τ0≤0，the series ( 36) is divergent at every

point of the region C －Ｒ;
( ii) if 0 ＜ τ0≤∞，the series ( 36 ) is absolutely

uniformly convergent on every compact subset of the re-
gion S( τ0 ) = { z∈C | Im( z) | ＜ τ0 } and diverges at

every point of the region C － S( τ0 ) ．
The proof is based on the asymptotic formula for

Hermite polynomials given by G． Szeg［4］． The prob-
lem of expansion of analytic functions into series of
Hermite polynomials found a solution in 1940 by E．
Hille［27］ as follows:

Theorem 11 A complex function f holomorphic
in the region S( τ0 ) ( 0 ＜ τ0≤∞ ) can be represented
in this region by a series of type ( 36) if and only if for
every 0≤τ ＜ τ0，there exists a constant B( τ) ≥0 such
that the holomorphic function f in S ( τ0 ) satisfies the
inequality

f( z) ≤B( τ) exp{ x2 /2 － x ( τ2 － y2 ) 1 /2 }

for z = x + iy∈S( τ) ．

5． 1 Products of Laguerre Polynomials

We consider the following partial differential equa-
tion

t2 
2u
t2

－ z 
2u
z2

+ ( α +1 － t) u
t

－ ( β +1 － z) uz
=0 ( 37)

with α，β ＞ － 1． By using the usual separation method
u( t，z) = v( t) w( z) ，then v( t) and w( z) have to satis-
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fy separately the equations
td2v /dt2 + ( α + 1 － t) dv /dt + sv = 0 ( 38)

and
zd2w /dz2 + ( β + 1 － z) dw /dz + sw = 0， ( 39)

where s is a separation parameter． Writing s = n，the so-
lutions of ( 38) which are regular near t = 0 are repre-
sented for n = 0，1，2，… by the Laguerre polynomials
v( t) = Ln ( α，t) ，while ( 39) has for the same values of
s the Laguerre polynomial solution w ( z) = Ln ( β，z) ，
and hence ( 37) have solutions u ( t，z) = Ln ( α，t) ·
Ln ( β，z) for each n = 0，1，2，…． Generally speaking，
the following result follows easily．

Theorem 12 The equation ( 37) have entire so-
lutions f( t，z) on C2 expressed by

f( t，z) = ∑
∞

n = 0
cnLn ( α，t) Ln ( β，z) ( 40)

such that

－ lim sup
n→∞

ln cn
槡n

= + ∞ ． ( 41)

Proof From the formula in ［4］，we conclude
that the following limit relation

lim
n→∞

ln Ln( β，z)

槡n
=2{ ( r － x) /2} 1 /2 =2r1 /2sin( θ /2) ( 42)

holds uniformly in any finite closed region of C exclu-
ding the non-negative real axis． We also have the esti-
mate［4］

Ln ( β，x) ≤
Γ( n + β + 1)

Γ( β + 1) Γ( n + 1) exp( x /2)

for x≥0． Note that
Γ( n + β + 1) /Γ( n + 1) ～ nβ ．

By using Proposition 1，it is easy to check that the
condition ( 41) implies that gz ( t) = f( t，z) is an entire
function of t∈ C． Symmetrically，we can prove that
ft ( z) = f( t，z) also is an entire function of z∈C，so
that ( 40) is an entire solution of ( 37) ．

Now a natural question is that does each entire so-
lution f( t，z) of ( 37) has the estimate ( 35) for any t?
In other words，we suggest the following question:

Question 1 Does each entire solution f( t，z) of
( 37) has the expansion ( 40) satisfying ( 41) ?
5． 2 Products of Hermite Polynomials and Laguerre

Polynomials
We consider the following partial differential equa-

tion

2u
t2

－ 2z 
2u
z2

－ 2t u
t

－ 2( α + 1 － z) u
z

= 0 ( 43)

with α ＞ － 1． By using the usual separation method
u( t，z) = v( t) w( z) ，then v( t) and w( z) have to satis-
fy separately the equations

d2v /dt2 － 2tdv /dt + sv = 0 ( 44)
and

zd2w /dz2 + ( α + 1 － z) dw /dz + sw /2 = 0 ( 45)
where s is a separation parameter． Writing s = 2n，the
solutions of ( 44 ) which are regular near t = 0 are re-
presented for n = 0，1，2，… by the Hermite polynomials
v( t) = Hn ( t) ，while ( 45) has for the same values of s
the Laguerre polynomial solution w( z) = Ln ( α，z) ，and
hence ( 43) have solutions u ( t，z) = Hn ( t) Ln ( α，z)
for each n = 0，1，2，…． Generally speaking，the follow-
ing result follows easily．

Theorem 13 The equation ( 43) have entire so-
lutions f( t，z) on C2 expressed by

f( t，z) = ∑
∞

n = 0
cnHn ( t) Ln ( α，z) ( 46)

such that

－ lim sup
n→∞

ln ( 2n /e) n /2cn
2n槡 + 1

= + ∞ ． ( 47)

Proof Fix t∈C． We claim

－ lim
n→∞

ln ( 2n /e) － n /2Hn ( t)

槡n
≥0． ( 48)

In fact，noting
H2n ( t) = ( － 2)

nn! Ln ( － 1 /2，t
2 ) ，

H2n + 1 ( t) = ( － 2)
nn! 槡2 tLn ( 1 /2，t

2 ) ，

then by using ( 42) ，we easily obtain

－ lim
n→∞

ln ( 2n /e) － n /2Hn ( t)

槡n
= + ∞

for any t∈C － Ｒ． When t∈Ｒ，it is known that there
exists a constant A such that［4，27-28］

Hn ( t) ≤A( 2nn! ) 1 /2et2 /2 ． ( 49)

Thus by using Stirling formula n! ～ nne － n 2π槡 n．
we easily obtain

lim
n→∞

ln ( 2n /e) － n /2Hn ( t)

槡n
≤0

for t∈Ｒ，so that the claim ( 48) is proved completely．
Therefore，the condition ( 47) and ( 48) yield

－lim sup
n→∞

ln cnHn( t)

槡n
= － lim sup

n→∞
{ ln (2n/e)

n/2cn
槡n

+
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ln ( 2n /e) － n/2Hn( t)

槡n
}≥ － lim sup

n→∞

ln ( 2n /e) n/2cn
槡n

－

lim sup
n→∞

ln ( 2n /e) － n /2Hn ( t)

槡n
≥

槡－ 2 lim sup
n→∞

ln ( 2n /e) n /2cn
2n槡 + 1

= + ∞ ．

Thus it follows from Proposition 1 that ( 46 ) is an en-
tire function of z∈C．

Next fix z∈C． The condition ( 47) and the formu-
la ( 42) obviously yields

－ lim sup
n→∞

ln ( 2n /e) n /2cnLn ( α，z)
2n槡 + 1

= + ∞

so that Proposition 2 implies that ( 46) also is an entire
function of t∈C．

5． 3 Products of Hermite Polynomials

We consider the following partial differential equa-
tion

2u /t2 － 2u /z2 － 2tu /t + 2zu /z = 0． ( 50)
By using the usual separation method u( t，z) = v( t) ·
w( z) ，then v ( t) and w ( z) have to satisfy separately
the Hermite differential equations，and hence ( 50 )
have solutions u( t，z) = Hn ( t) Hn ( z) for each n = 0，
1，2，…． Generally speaking，the following result fol-
lows easily．

Theorem 14 The equation ( 50) have entire so-
lutions f( t，z) on C2 expressed by

f( t，z) = ∑
∞

n = 0
cnHn ( t) Hn ( z)

such that － lim sup
n→∞

ln ( 2n /e) ncn / 2n槡 + 1 = + ∞ ．

Proof It follows easily from the estimate ( 48 )
and Proposition 2．

6 Series Expansions Involving Weber
Functions

6． 1 Products of Weber Functions and Laguerre
Polynomials

We consider the following partial differential equa-
tion

2u
t2

－ z 
2u
z2

－ ( α + 1 － z) u
z

+ ( 2 － t2 ) u
4 = 0 ( 51)

with α ＞ － 1． By using the usual separation method
u( t，z) = v( t) w( z) ，then v( t) and w( z) have to satis-
fy separately the equations

d2v /dt2 + ( s + 1 /2 － t2 /4) v = 0 ( 52)
and

zd2w /dz2 + ( α + 1 － z) dw /dz + sw = 0， ( 53)
where s is a separation parameter． Writing s = n，the so-
lutions of ( 52) which are regular near t = 0 are repre-
sented for n = 0，1，2，… by the Weber ( or parabolic
cylinder) functions

v( t) = Dn ( t) = ( － 1)
net2 /4dne － t2 /2 /dtn =

e － t2 /4Hn ( t /槡2 ) ，
while ( 53) has for the same values of s the Laguerre
polynomial solution w( z) = Ln ( α，z) ，and hence ( 51)
have solutions u( t，z) = Dn ( t) Ln ( α，z) for each n = 0，
1，2，…． Generally speaking，the following result fol-
lows easily．

Theorem 15 The equation ( 51) have entire so-
lutions f( t，z) on C2 expressed by

f( t，z) = ∑
∞

n = 0
cnDn ( t) Ln ( α，z) ( 54)

such that

－ lim sup
n→∞

ln ( 2n /e) n /2cn
2n槡 + 1

= + ∞ ． ( 55)

Proof Fix t∈C． We claim

－ lim
n→∞

ln ( 2n /e) － n /2Dn ( t)

槡n
≥0． ( 56)

In fact，noting
D2n ( t) = ( － 2)

nn! e － t2 /4Ln ( － 1 /2，t
2 /2) ，

D2n + 1 ( t) = ( － 2)
nn! 槡2 te

－ t2 /4Ln ( 1 /2，t
2 /2) ，

then by using ( 42) ，we easily obtain

－ lim
n→∞

ln ( 2n /e) － n /2Dn ( t)

槡n
= + ∞

for any t∈C － Ｒ． When t∈Ｒ，the estimate ( 49 )
yields

Dn ( t) ≤A( 2nn! ) 1 /2 ．

Thus by using Stirling formula n! ～ nne － n 2π槡 n，
we easily obtain

lim
n→∞

ln ( 2n /e) － n /2Dn ( t)

槡n
≤0

for t∈Ｒ，so that the claim ( 56) is proved completely．
Therefore，the condition ( 55) and ( 56) yield

－ lim sup
n→∞

ln cnDn ( t)

槡n
=

－ lim sup
n→∞
{ ln ( 2n /e)

n/2cn
槡n

+
ln ( 2n /e) － n/2Dn( t)

槡n
}≥
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－ lim sup
n→∞

ln ( 2n /e) n /2cn
槡n

－

lim sup
n→∞

ln ( 2n /e) － n /2Dn ( t)

槡n
≥

槡－ 2 lim sup
n→∞

ln ( 2n /e) n /2cn
2n槡 + 1

= + ∞ ．

Thus it follows from Proposition 1 that ( 54 ) is an en-
tire function of z∈C．

Next fix z∈C． The condition ( 55) and the formu-
la ( 42) obviously yields

－ lim sup
n→∞

ln ( 2n /e) n /2cnLn ( α，z)
2n槡 + 1

= + ∞

so that Proposition 2 implies that ( 54) also is an entire
function of t∈C．
6． 2 Products of Hermite Polynomials and Weber

Functions
We consider the following partial differential equa-

tion
2u /t2 － 22u /z2 － 2tu /t + ( z2 － 2) u /2 = 0． ( 57)
By using the usual separation method u( t，z) = v( t) ·
w( z) ，we easily find that ( 57 ) have entire solutions
u( t，z) = Hn ( t) Dn ( z) for each n = 0，1，2，…． Gener-
ally speaking，the following result follows easily from
Theorem 14．

Theorem 16 The equation ( 57) have entire so-
lutions f( t，z) on C2 expressed by

f( t，z) = ∑
∞

n = 0
cnHn ( t) Dn ( z)

such that

－ lim sup
n→∞

ln ( 2n /e) ncn
2n槡 + 1

= + ∞ ．

6． 3 Products of Weber Functions

We consider the following partial differential equa-
tion

2u /t2 － 2u /z2 + ( z2 － t2 ) u /4 = 0． ( 58)
By using the usual separation method u( t，z) = v( t) ·
w( z) ，we easily find that ( 58 ) have entire solutions
u( t，z) = Dn ( t) Dn ( z) for each n = 0，1，2，…． Gener-
ally speaking，the following result follows easily from
Theorem 14．

Theorem 17 The equation ( 58) have entire so-
lutions f( t，z) on C2 expressed by

f( t，z) = ∑
∞

n = 0
cnDn ( t) Dn ( z)

such that

－ lim sup
n→∞

ln ( 2n /e) ncn
2n槡 + 1

= + ∞ ．

Similar to Question 1，we may ask that are the
conditions in Theorem 13 ～ Theorem 17 necessary?
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2 阶齐次线性偏微分方程与特殊函数
乘积关联的整函数解

扈培础
( 山东大学数学学院，山东 济南 250100)

摘要:利用高维值分布理论、特殊函数理论以及经典的特殊常微分方程，研究了几个 2 阶齐次线性偏微分
方程，给出了这些偏微分方程与特殊函数乘积密切相关的整函数解的特征，开辟了偏微分方程研究的新

途径．
关键词: 2 阶齐次线性偏微分方程; 特殊函数; 整函数解
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