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Abstract: Montel’s criterion is the most celebrated theorem in the theory of normal families of meromorphic func—

tions and plays an important role in value distribution theory complex dynamics extremal problems etc. Up to

now there have been a variety of extensions and improvements of Montel s criterion. In this paper some generali—

zations and improvements of Montel’s criterion are summarized. Also two questions related to Montel’s criterion

are given.
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0 Montel’s Criterion

Let D be a domain in the complex plane C a fam-
ily F of functions meromorphic on D is normal in the
sense of Montel if every sequence {f,} € F contains a
subsequence { f,.,]-} which converges spherically uni—
formly on compact of D 7 .

The most celebrated theorem in the theory of nor—
mal families is the following criterion of Montel *
which is the local counterpart of Picard theorem.

Montel’s Criterion Let F be a family of func—

tions meromorphic on a domain D and let @, a, and a,

be three distinct complex numbers in é (=cU
{oo}) . If for eachfeF fomitsa, a, ay;in D then F
is normal in D.

Obviously two exceptional values are sufficient for
holomorphic families since each holomorphic function
omits oo naturally. Montel s criterion is called the Fun—
damental Normality Test in the book > . From it flow ef—

fortlessly the classical theorems of Picard Schottky and
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Julia as well as various covering theorems. It plays an im—

portant role in complex dynamics extremal problems etc.

1 It’s Generalizations and Improve-
ments

Up to now there have been a variety of extensions
and improvements of Montel” s criterion. Generally
speaking there are two directions to generalize or im—
prove Montel’s criterion. One is replacing " fixed" ex—
ceptional values by " moving" exceptional values ( ex—
ceptional functions and ‘Wwandering ‘exceptional func—
tions) the other is allowing f e F to have exceptional
values under certain conditions. Of course one can
combine these two directions to generalize or improve
Montel’s criterion.

Here we say two functions a( z) and b( z) avoi—
ding each other in D if for each ze D a(z) #b(2)
and functions a( z) and b( z) are called distinct if
there exists z e D such that a(z) #6b(z) .

The next theorem generalized Montel”s criterion

by extending three fixed values @, a, a; to meromor—
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phic functions a,(z) a,(z) a;(z) avoiding each oth—
er in D.

Theorem 1>  Let F be a family of functions
meromorphic on a domain D and let a,(z) a,(z) and
a,( z) be three meromorphic functions avoiding each
other in D. If for each fe F f{2) #a,(2) (i=1 2 3)
in D then F is normal in D.

Remark 1 This observation seems first to have
been made by Fatou.

To see this we only consider instead of F the

family

S
I}

> [g( 2) :f( z2) —a,(2) a;(2) -a,(2) }
A2) —ay(2) a;(2) —a)(2)
All g € Z omit the values 0 1 and o« in D. Then by
Montel s criterion £'is normal so that F' is also nor—
mal.
Remark 2

proved that Montel’s criterion is still valid if a, a, a,

Bargmann-Bonk-Hinkkanen-Martin

are replaced by three arbitrary continuous functions
avoiding each other in D.

Chang-Fang—Zalcman ¢ improved Theorem 1 and
obtained

Theorem 2 Let F be a family of functions mero—
morphic on a domain D and let a,(z) a,(2z) and
a,(z) be distinct meromorphic functions in D. If for
each fe F f{z) #a;,(z) (1=1 2 3) in D then F is
normal in D.

The following significant improvement is proved by
Montel * himself which allow f to have values a, a,
ay but restricting their multiplicities.

Theorem 3 Let F be a family of functions mero—

morphic on a domain D a, a, a; be three distinct

complex numbers in (/\: and [, I, L be positive integers
or o . If for each fe F all zeros of f — a; have multi—
plicity at least [, for i=1 2 3 with

1/, +1/1, +1/1, <1
then F' is normal in D.

It is natural to consider: What can we say if three
distinct complex numbers @, «, and @, in Theorem 3
are replaced by three distinct meromorphic functions
a,(z) a,(z) and as(z) in D? In 7(cf. 8 ) Xu

Yan proved the following result.

Theorem 4 Let F be a family of functions mero—
morphic on a domain D let a,(z) a,(z) and a,(z)
be three distinct meromorphic functions in D one of
which may be o identically and let /, [, and I, be
positive integers or oo with

1/l +1/70, +1/1; < 1.
Suppose that for each fe F and ze D

(1) all zeros of f — a; have multiplicity at least ;
fori=1 2 3;

(i) fl zy) #a,(z,) if there exist 1 je{1 2 3}
(i#)) and z;, € D such that a,( z,) =a,( z)
then F is normal in D.

Remark 3 Condition ( ii) cannot be omitted in
Theorem 4 as is shown by the following examples.

Example 1 Let D ={z |z| <1} a,(2) =0
a,(z) = and a,(z) =z where k=3 is a positive
integer and

F={f(z2) =n n=23 - zeD}.

Since f,(2) —ay(z) =2 (n-2"7) [, =3 I, =0 and
I, =3 then condition (i) in Theorem 4 is satisfied. But
F is not normal in D. Note that f, (0) =a,(0) =
as(0) .

Example 2 Let D ={z |z| <1} a,(2) =i/
(i=1 2 3) where k=1 is a positive integer and

F={f(z2) =1/nz n=23 -+ ze D}.

Since

f(2) —a(z) =(Z"" =in) /(nd") #0
inD [, =l,=1; =% and thus condition (i) in Theo—
rem 4 is satisfied. But F is not normal in D. Note that
1.(0) =4,(0) =a,(0) =a5(0) .

Remark 4 Letting [, =1, =[; = % it is easy to
see that Theorem 2 is a direct consequence of Theorem 4.

In an analogous fasion as in Theorem 3 A.
Bloch ° and G. Valiron ' proved the next more gen—
eral result.

Theorem 5 Let F' be a family of functions mero—

morphic on a domain D a,(i=1 2 *+- ¢) be distinct

A
complex numbers in C and [;,(i=1 2 -+ ¢) be posi—

tive integers or o . For each fe F all zeros of f - a;

g
have multiplicity at least [, for i =1 2 -+ ¢. If Z (1 -
=
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1/l;) > 2 then F is normal in D.

One can ask

Question 1 Does Theorem 5 still hold if distinct
complex numbers a,(i =1 2 -+ ¢q) are replaced by
distinct meromorphic functions a;(z) (i =1 2 - gq)
in D?

On the other hand instead of fixed exceptional
values C. Carathéodoary "' considered exceptional
values depending on the respective functions in the
family under consideration.

Theorem 6 Let F be a family of functions mero—

morphic on a domain D. Suppose there exists an & >0

A
such that each f e F omits three values a, b, ¢, € C
satisfying
min{ y( as bf) x( as Cf) x( by Cf) }=e

where y denotes the spherical metric on é Then F is

normal in D.
Grahl-Nevo * extended Carathéodoary” s result

futher by considering meromorphic exceptional func—

tions which also depend on the respective functions in

the family under consideration i.e. kind of wandering *

exceptional functions.

Theorem 7 Let F be a family of functions mero—
morphic on a domain D & >0. Assume that for each
feF there exist meromorphic functions a,(z) b,( 2)
¢/(z) such that f omits a,(z) b(z) ¢(z) in D and

min{y(a,(2) b,(2)) x(a,(2) ¢(2)) x(b(2)
()} =
for all ze D. Then F is normal in D.

Remark 5 Here the spherical metric is crucial.
Indeed it is not true for the Euclidean metric since
could choose a,=f+1 b, =f+2 ¢, =f+3 for any fe
F.In 12 they gave an example to show that Theo—
rem 7 no longer holds for fwandering tontinuous ex—
ceptional functions.

Let f g be two meromorphic functions on a domain

A A
D ae C and S be a non-empty subset of C. We say
that / and g share the value a in D if E/( a D) =

Eg(a D) whereEf(a D) ={zeD:f(z) —a=0}

where each multiple zeros is only counted one time ( ig—

noring multiplicity) . We say that f and g share the set
Sin Dif E(S D) =E,(S D) where E,(S D) =

UE(a D).

ael

Similarly we define that f and g share the mero—
morphic function ¢( z) in D if Ef( ¢ D) :Eg( ¢ D)
where Ef( o D) ={zeD:f(z) —¢(z) =0} where

each multiple zeros is only counted one time ( ignoring

multiplicity) . We say that f and g share the set S, of
distinct meromorphic functions in D if Ef( S, D) =

Eg( S, D) where E/( s, p)=U Ef( o D).

oes)

By using a geometric method and the theory of a
covering surface Sun Daochun " proved the following
result which extends Montel”s Criterion from another
direction.

Theorem 8 Let F' be a family of functions mero—
morphic on a domain D. If for each pair of functions f
geF fand g share three distinct values a, a, a; in
D then F is normal in D.

Indeed by applying a Mébius transformation a,
a, a, can be replaced by 0 1 o in Theorem 8. Xu
Yan ' proved the next general result.

Theorem 9 Let F be a family of functions mero—
morphic on a domain D let ¢(z) be a meromorphic
function such that ¥( z) #0 o in D. Suppose that

(1) for each pair function f/ g € F f and g share
0 o ¢(z) inD;

(1i) the multiplicity of fe F is larger than that of
(z) at the common zeros or poles of f and ¢ ( z)
inD
then F is normal in D.

Remark 6 The condition that the multiplicity of
f e F is larger than that of ( z) at the common zeros or
poles of f'and ¢( z) in D in Theorem 9 cannot be omit—
ted as is shown by the following examples.

Example 3 Tet D ={z |z| <1} y¢(z2) =7
where k=2 is a positive integer and

F={f(z2) =n n=23 - zeD}.

Clearly for each pair functions f, f,, € F f,(z) and
f(2) share 0 o in D. Since f,(z) —¢(z) =(n -

#)7 and f, (z) —¢(2) :(m—zk_l)zfn(z) and
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f..(2) share ¢y(z) in D.But F is not normal in D.

Example 4 Tet D={z |z| <1} y(2) =1/
where k=1 is a positive integer and

F={f(2) =1/nz n=213 -+ zeD}.

Clearly for each pair functions f, f, € F f,(z) and
f..(z) share 0 o in D. Since

£(2) =g(2) =(57" =n) /(n')

[u(2) =(2) =" —m) /(md")
f.(2) —(2) andf, (2z) —(z) have no zeros in D so
that f,(z) and f, (z) share (z) in D. But F is not
normal in D.

If fand g share a; @, a;in D we see that fand g
share the set S={a, a, a;} in D. However the con—
verse is not true. Fang-Hong " (see 16 ) proved the
following result which improves Theorem 8.

Theorem 10 Let F be a family of functions mer—
omorphic on a domain D C C a, a, a; be distinct
complex numbers. If for each pair of functions f g e F
f and g share the set S={a, a, a;} in D then F is
normal in D.

Let [ be a positive integer as before we set

E(a D), ={zeD:f(z) —a=0 with zero mul-
tiplicity </}
where each multiple zeros is only counted one time ( ig—

noring multiplicity) and

E(S D), =UE(a D),.

aes
If E/( S D), =Eg( S D), we say that f and g share
the set S with multiplicity<</ in D.

Zhang Qingcai "7 extended Theorem 10 by shaing
the set S partly as follow.

Theorem 11 Let F be a family of functions mer—
omorphic on a domain DCC [ ¢ be two positive inte—
ger with ¢ >2 +2/1. If for each pair of functions f g e
F fand g share the set S={a, a, - a,} with multi-
plicity<</ in D then F is normal in D.

Qiu Fang-Fang "

Theorem 12 Theorem 10 is still valid if S =
{a,(2) a,(z) a;(z)} where a,(2z)

a,(z) are three meromorphic functions avoiding each

obtained

a,(z) and

other in D.

Charak-Singh " improved the above result.

Theorem 13 Let F be a family of functions mer—
omorphic on a domain D a,(z) a,(z) and a;(z) be
three distinct meromorphic functions in D. If

(1) for each pair of functions f g e F f and g
share the set S={a,(z) a,(2) a;(2)} inD;

(ii) for each fe F f(z) #a,(z) whenever
a,(z) =alz) for1<i<j<3 and z,eD
then F is normal in D.

Remark 7 The following example shows that the
condition ( ii) is necessary in Theorem 13.

Example 5 Let D ={z |z| <1} a,(2) =z/i
(i=12 3) and

F={f(z) =2nz n=12 - zeD}.
Clearly for each pair functions f, f, € F f,(z) and
f..(z) share the set S ={z 2/2 z/3} in D. But F is not
normal in D. Note that f,(0) =a,(0) =a,(0) =
as(0) .
The next result is due to Pang Xuecheng * .
Theorem 14 Let F be a family of functions mer—

omorphic on D and let a; a, and a, be three distinct

finite complex numbers. If for each fe F E/( a; D) C

E, (a; D) i.e. flz) =a,=f (2) =a,(i=12 3) in
D then F is normal in D.

Letting Ea, D) =@ i.e. f#a,(i=123)
Montel’s criterion follows immediately from Theorem 14.

For holomorphic case Xu-Qiu > extended the
above result as follow

Theorem 15
a(z) b(z) holomorphic in D. For each fe F if

(1) a(2) #b(2);

(i) a(z) #£a(2) or b(z) £b1(2);

(i) flz) —a(z) and f{z) —b(2) have no com—
mon Zzeros,

(iv) flz) =a(2) =f (2) =a(2)
b(z) =f (2) =b(2)
then F is normal in D.

Remark 8 The hypothesis a( z) #b(z) cannot

Let F holomorphic in D and let

and f(z) =

be omitted in Theorem 15 as is shown by following ex—
ample.

Example 6 Let D ={z |z| <1} and a(z2) =
b(z) =1 and let
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F={f(z2) =e“+1:n=12 - zeD}

Clearly for each f, € F f,(z) #1. Hence all condi—
tions except for condition (i) in Theorem 1 are satis—
fied. However F is not normal in D.

Remark 9
condition ( ii) is necessary in Theorem 15.

Example 7 Let D ={z |z| <1} and a(z) =
—e b(z) = and let

F={f(z2) =€’sin(nz)in=12 -+ ze D}
Clearly for each f, e F we have f,(z) =e'=f {2) =
e and f,(z) = —e =f/(z) = —¢. Then condition
(1) (1iii) and (iv) in Theorem 1 are satisfied. But F

The next example shows that the

is not normal in D. In fact f*(0) =n/2—w as n—
w where f *(z) = |f(2) | /(1 + [fl2) |*) is the
spherical derivative of f. By Marty’s criterion F is not
normal in D.

Remark 10 The condition ( iii) is required for
Theorem 15 to hold as is shown by following example.

Example 8 lLet D={z |z| <1} k( =3) be a
positive integer and a(z) =z" b(z) =27" and let

F={f(z2) =n +Z:n=12 - zeD}

Clearly for each f, e F f,(z) =a(z) =f,(2) =a(2)
and f,(z) =b(z) =f (2) =b(z) in D.But it is easy
to see that F' is not normal in D.

For the case of families of meromorphic functions
we ask

Question 2 Does Theorem 14 still hold if dis—
tinct values a,(t =1 2 3) are replaced by distinct
meromorphic functions a;(z) (i=1 2 3)?

As we know Miranda“s criterion is another well-
known result on normal families of holomorphic func—
tions as follow

Miranda’s Criterion Let F be a family of func-
tions holomorphic on a domain D k be a positive inte—
ger. If for each fe F f#0 f¥ #1 in D then F is nor—
mal in D.

In 22 Li Baoqin proved the following joint the—
orem.

Theorem 16 Let F be a family of functions hol-
omorphic in D and let @ b be nonzero complex num-
bers and A B positive constants. Suppose that for all f
geF

()YA< [f(2) | < Band |f"(2) | < B whenev—
erzef '(0);

(i) min{ [f"(z) |
(z, z,) e F7'(0) where F(z z) =(f(z) -a
g(z) -b)
then F is normal in D.

Remark 11 For each fe F if f#0 b in Theo-
rem 16 then f~'(0) =F~'(0) =& and thus condi—
tions (i) and (ii) hold vacuously. So Theorem 16 gen—
eralizes Montel’s criterion. If f7#0 f “#a for each fe F

in Theorem 16 then conditions (i) and ( ii) also hold

\g’( z,) ‘ } =< B whenever

vacuously. Therefore Theorem 16 extends Miranda”s
criterion too.

In addition some extensions and generalizations of
Montel s criterion for families of holomorphic mappings
of a domain D in C into P"( C) are obtained during

past years.
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