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Variable,SAV) J7 R Al A B Ut [n) B, 2% 5 v HO2E
AELAETF (u) BRI T FEAAT, 5EAT LAPRIE
BIEMRERIC AR E. SAV ik T AR &
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AR i) RARR 22, ] Chebyshev 9 5 A AL
/iR T Runge BA 4, H H B A& 1B 0 ) oo K B2
e R S (Y 3 N MR AR AL A B A
I FHTESR A5 203 7 R (A3 Fredholm #4377
P PRI Allen-Cahn 2" 45) .

A SCFEFI ] SAV s 455 TC A% B Y B0
Lagrange i B I 5.7k 3K fif Allen-Cahn 2. G,
BT SAV BEMS U Allen-Cahn J52 , 7E%5 0] )7 [n]
R T SR BRI EEL Lagrange R EAS 20, I 5%
DLH 2 B e 22 50 AR 85, W 2 35 1 22 ATl
SKY s SRS R 22 20 R0 e A 1 o, 3 P S R 5K
754 ( Discrete Sine Transform,DST) >Kf# 2 By sl
2553 T 0 0 Ly B A N R G L A 46 (Fast
Fourier Transform, FFT) A Toeplitz 5 [ 5 1) B
Tt ; fe 5, WUE 0 Lagrange i {E Bt »5 Z(E A% =X
FeEOS S HFERT D

1 Allen-Cahn TR L FGHEETR
EER

1.1 Allen-Cahn 7 #H SAV X
MBERE R IR (2), 4 B, (u) = LF(u)dx. i

IEQ JER R & M H i g = /F(u) + C, Bt
AR ERB r = JE, (u) + Gy, E, (u) > -C,,
Cy =—MAETEL WIATLAE HSEM0 19 SAV IE R 6
ST
u, =-Mu, (3)
w=-—Au+rF'(u)//JE (u) +C,, (4)

r o= J;)F(u)uldx/(Z JE () +Cy). (5)

i, AT (3) WA, X (4) Wy, ,
(5) L) 2r, S PRI O] 15 2]

d( | Vu |22 + ) /dt == || Vu |2 <0, (6)
JRAZ(6) XFRAEERBETIZ R E(u) = (u, - Au)/
2+ RAIFRERREM.

1.2 BfEFA RN 2 MEHEX

Xof 5 R 8 ) i S BG4, SR 2 B 1) IS 254
(BDF2) #% 2 Crank-Nicolson( CN) #% = #1755
B IRTE[O,T] ERYBIIENO =1y <1, <1, <--- <
Iy, <xy =T
1.2.1 2H@jE 244X FIH BDF2 #%=0, BUE
BN, IET = T/N,t, =n7(0<n<N),HHEE
G

Bu"" —4u" +u"")/(27) = - Mu"", (7)

wt == At T E s JE (@) + 6, (8)

(3rn+] —47'” + rn—l )/(27_) - jﬂF/(ﬁnH ) (3un+l _

du" +u") /(2 E (@) + C, - (27))dx,  (9)

Hor gt 2R 2 B o = 20t - ut T AR EIY,

FrUAg(7) ~ (9) HBTRISCS G2 2 B id). SCRk

(13 ] Uil TR Hs(7) ~ (9) WIBIERER
Gty = (Ve 3+ |V (2

W) D72+ e 2 )

WEE(wW u") <E(u",u"").
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kg =X

(un,+] _ LL”)/’T - _ M/.L"H/z , (10>
/~L”+1/2 — _ Aun+l/2 + ru+1/2F1(l'Z”+l/2 )/
JE (@) + €y (11)

("t =)/ = IF/(WWZ)(U"H - u")/Tdx/
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(2JE, (a"'*) + C,), (12)
Forbram 2 ot A 2 kg 2 = (But -
W2 F W = (W u") 2 15BN BT LIAS
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TR B s (10) ~ (12) B ERER
Eu™) = | Va2 ] #7]
W E(u") < E(u").
1.3 ZEFEE 2 FHEHER
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S3 B HURIE 0> Lagrange ff{ELFC A A HEA TR HL 10 7F
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(u;p, =2u, +u,_)/h> +0(h*), %2 u" = (u},u}, -,
wh )R VS 2 B 22 53 BB
-2k /R
I/ =2/K
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u(x) = iLj(x)uj,Lj(x) = (0/(x =x,))/

S (0/(x-%)), (13)

k=0

Hrp L(x) AAFE PR, o ﬁﬁiﬁlﬂﬁ Lagrange ffi{H
M Ho, =1/H(xj -x,).

ST Lagrange FEHGRTE I D FI IR
RERR(13 ) 7T LA th 3 815 b 5
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H T 5L Lagrange f{E X} T Chebyshev 17 54
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Chebyshev 77 f L H OB EAL, H AT .

x; = cos(jm/n),j =0,1,2,-

w = (~1)8,8 {1/2]_0dzn

1, HAd,

MIFIH Chebyshev 75 5 AE A Lagrange ffi B Fic /4.,
Xof 7 b A AT LA 2 H T T 698 47 2 3 1 o

FE12 Foulx,t) TEla,b] x (0,T] L&
g, Hil B Lipschitz %22 ich = (b —a) /2, WAF
TEFEL ¢y o, HIRZATHNT .

max | u = u [ < e | u™ | (eh/(2m))",

- ijpil)/(xi _xj))yi #]’

Zul/dx2| (m+1) ” L.

max | d*w/dx* -
xe(a,b)

(eh/(2m =2)))" 2.

r 3 1 A, #0 Lagrange J7i (i C 5325 2 35
Holesm.
1.4 SAV FHEITESRMEIT
1.4.1 #%&X¥F % X T BDF2 #&=X, & p' =
F'(a™"y/ JE (") + C,, BEr Bk (7) ~

e |lu'

(9) Al

(I/t = 2MA/3)u™' + MB"™ (B ,u"") /3 =
(4u" - u"")/(37) - 2MB™"' (47" - ' - (B,
4u" -u")/2)/9 = Q" (14)
LA = I/t -2MA/3 % Tt 22 504 B Hleas [\ 5
I EL A W TR A S O D O /e B Y DO =
(14) ek A FHNFL B 155

B uy = (B,ATQ) /(1L M@BT, AT

B /3) = a.

R

W= ATQ - MATBT a3, = (4 -
P34+ (B 30 - A+ u ) /6,
AT LSRR SR n N9 009 o R XA BT LA

kil BDR2 #5507E 2 x [0,7] EH9BABCAAR ),
IEJ}E, Xq‘a: CN *ﬁﬁ’ é,\ B'HI/Z - F;(a/nn/z)/

(2 JE (@) + Cy) , Wesr Bkt (10) ~ (12)
Al

(I/T —MA/Z)LL"H +MBn+l/2 (Bn+l/2 ’un+l ) — (I/’T +
MA/Z)LL" _ MBn+l/2(2rn _ (Bn+l/2’un)) - Q"- (15)
SA = I/t - MA/2 PR A 5 =X F R FR AT

FEPE, LA BEAT XK (15) a2 A7, 14
B 193]

(Bn,+]/2 ’un+| ) — (Bn+|/2 ,A_] Qn)/(l + M(Bn+l/2 ,
A—IBnH/Z)) = a

RIGTHA

U +1 — A—IQn _MA—IBn+1/2a’rn+l — rn + (B"+1/2,
un+l _ un) ,
SCAT SRS n AT 800 o B A0 Rt AT LA

SR CNARAE 2 x [0,T] - AYTA BURAF u).

X 2 Ak AR Y L R AR R S BT 2
ffE B AT RUSER A 1 B =, 2 R P BRFI T o
K !, FHEFTIEAR.

1.4.2 BREZTHRfPEGErTHR HTH
PG SR A Tt A R M T R AL, SE A 4R R R
HIPERT, A AF 2 45 HE.

B3 1™ X TFm xm = AEHT =

tridiag(a,b,c) , B/ m MHEE N

A, =b+2c Jasccos(kn/(m+1)),1 <i<m,
W RHE T 53f# A T = PAP™' = Pdiag(A, A,

A ) PTUURFIEAE A, XN B RRAE [ iR P, RS
oyl

P, = (a/c)”sin(jkw/(m +1))(j = 1,2, ,m).

I 2% X T moxm WIERER C =
circle(ay,a,,-+,a, ), B0 m NREE R
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g(w,) =a, +a,0, + a;&)i + 0+ amwzl_l s

w, = cos(2kmw/m) +jsin(2km/m) =" (0 <
k<m-1),
WA CI3f%HN C = FAF' = Fdiag(g(w,),
g(w),,g(w, ))F " FFEH g(w,) XTREE
e F, N

F, = (l,wk,wz,---,w;"_])'r.

TSR 2 Brrfuo 250 85k, H A & =%t
FAXEFR Toeplitz ATAE I , JIF LA AT LA P 26 150 0F 5%
4 (DST) PRk i53 Ab,A™'b.

SRS E 1 R A WEREE, & A =
PAP™". f DST F1 IDST k&> 4

X(h) = fo(2(n)) =/2/(2m +1) onm) :
sin(m(k+1)(n+1)/(m+1)),k=0,1,---,m-1,

©(n) = fou(X()) = V27 (m 1) jzxus) :

sin(m(k+1)(n+1)/(m+1)),n=0,1,--- m-1,
HIFERE A BIFRFIERT T, Ab A" AT L] DST #1 IDST
P51

A7b = PAP = (A (B)) |

Ab = PAP'b = f,, (Af s (B)).

BT CN *%itEF‘EI/‘JX =L/t + MA/2 & Toeplitz
HiFE, JT L Toeplitz i [ 5 1] i 1% e AR 0] DL P
AL AR 2 SR g

4t Toeplitz Ji[4: T 9 LG IR A

W — (T *je R2m><2m,
* T

PP S F e HL 22 46 (DFT) R 5k

X(k) :fDFT[x(n>} = Z:)x(n)e_%"jwmsk =0,

1,-,m-1,

€(n) = fun[ X(B] = X X(R)e™" =0,
1,--,m -1,
5B B 2 s TT L AR 5 v TR AL
&b = (b",0)" T Wb BITTAEF] Th. FEH] ek
L A8 i (FFT) 38 £, wE AT LB - 5
Toeplitz ﬁ%%m%*ﬁ% %-‘LE ch = (t“ shars sl s
0,0, )" HAEERAEIE WIS 1 51, ) Rk

Wb = firer (diag(furr (W) ) fore (B))
B B A5 1) 4 B 35040 B AT
2 HEXW
2.1 Efl1
PEH w(x,0) = u’ =0.5sin(mx),(x,0) € [-1,
11 x[0,1], UM =1, =0.1. T4 WERE, I
DT =1 x 107 i3 H i o 1ER S H i u(e,) ,
W RGN 2] TR Z e =| u" —u(e,) |, WS

o, = log, (e, /¢e;)/log,(7,,,/T)

B AIBHUS B m = 16, AR RS I 1 FiR.

x1 TEm =16 B L™ REFIR E BB

Kok BDF2/ 4% CN/ 4% BDF2/ T .LfifH CN/ B0
T el . 0, lel. 0, el . o, el . 0,
1.60 x 1073 2.92 x 107 - 1.16 x 107 - 2.45 x 107 - 9.86 x 10°° -
8.00 x 10~ 7.44 x10°°  1.97 2.94 x10°°  1.98 6.25 x10°°  1.97 2.51 x10°° 1.98
4.00 x 107 1.88 x10™° 1.99 7.41 x 107 1.99 1.58 x10™°  1.99 6.32x107  1.99
2.00 x 107 4.72 x 107 1.99 1.86 x 1077 2.00 3.96 x 1077 1.99 1.58 x 1077 2.00
1.00 x 107 1.17 x 107 2.01 4.62 x10™  2.01 9.86 x 10°*  2.01 3.94 x 10°°  2.01

M4 AT AR BDF2 4450 ON f 5L
WS AT 2 B i (UL 1L AL 2) . AE A R] 23 ) B
T, CN A RS H BDF2 A% RS 7.

83 A B O A —FE B E# u(x,t) =
cos t sin(mx) , fCA Allen-Cahn J5 #2152 pR%L

g(x,t) = sin(mx)(—sint + Mmwcos t + Mcos 1 -
((cos t sin(mx))> -1)/&*),

Br =1x107° M =1, =0.1,HEGR N2 Fins.

H R AT A SR AT LUt 25 T s i fd P rhocs
2SN 2 2 B Y. B0 Lagrange J {E Bt 25 72
AT LATER/ N B 23 v A B0 B0 RO RS B, B 2 48
Bk Y. 7R [R] A I ) B Ek UF |, E0 Lagrange
SAEIC AR AORE B EE 2 [ Pl 22 2046 SRR B2 s 1R
Z R AT E 6 A st LUA B 32
FORS RE BB TE 10 79 s R 22 Wi /N T J5 4 7
128 A~ N R 2.
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El1 BDF2 #X K8k B2 CN &gkt
R RS BDF2 4% :0R CN AR pis5miil, 22800, T LI T H0 Lagrange 17 fELBC £ 12 25 HIE
BT R 8G (intel)i5-7200U. L N = 10*, %5 F  HBm = 10. th B3RS W] FIHLO Lagrange 7 {H T 5
ZAVBS L, B BB m = 20 B ks EERYERRZERUN, T R AT S A A L R
AT, FO Lagrange i AC S L O 45 R A0iR HUD Lagrange fR{EACRE RIS T (ML3R 3).
£2 FEr=1x10"7 By L* 1 L~ RENZ @IS
BDF2/ 2547 CN/ 243 BDF2/ B {E CN/ HOHGA
N N
lell. lell, el . lell, lell. lell, lell. lell,
8 3.5x107% 3.7x107 3.5 x107% 3.7 x107 6 3.1x107° 3.2x107° 3.1 x107° 3.2x107°
16 9.1x107° 9.4 x107° 9.1 x107 9.4 x107° 8 7.3x107° 8.9x107° 7.3 x107 8.9 x 107
32 2.3x107 2.4x107°  23x107° 2.4x10°| 10 1.3x10° 1.6x10° 1.3 x10° 1.6 x10™°
64 56x10" 58x107" 56107 5.8x10*| 12 1.8x10° 2.8 x107® 1.8 x10™® 2.8 x107*

128 1.3x10™" 1.4x10" L3x10* 1.4x10"| 14 20x10™™ 3.1x10"° 2.0x107° 3.1 x107™"
*3 AEEHXK CPU ITERE
&= BDF2 BDF/DST BDF2/Lag CN CN/DST/FFT CN/Lag
CPU ] /s 109. 09 2.70 0.21 157.78 3.70 0.25

H3R 3 W LUIRBH B ) Pt B e x 22 s =X 24}
FT R () B KA T T E 0 Lagrange e {EfC A5 75 -
REZR AR/ R B ks BE NI 1 AR ).
2.2 Ef2 .

T 91

B’ = sin(mx),(x,t) e [-1,1] x[0,1] H =
M=1,6=01,m=2"7=1x10",1 44504 *
A SR 5 1o

E'(u) = hi ((u')? = 1)/ (4&%) +h§ ((ul., - B 0102030405 0607080.91L0

i1=0 i=1

t

FH 1 3 T 4 7T L 7 2 ]2 2 [ v 2540 B i 2
25 BT L I B8 B BDF2 K2t AT ON % 2 8 23
Wi L e AR, H B IR R R I ] LT — 3K -

B u’ = sin(mx), (x,0) € [-1,1] x[0,1],
M =1,6 =0.1,m =12,7 = 1 x 10™*,7E Chebyshev
I RE B MO 0 ”L
m m-1 19
E(w) = Y p(x)((u)* =1)°/(48) + X, p(x)u *
i=0 io1

B T T TR
0 0.10.20.30.40.50.60.70.80.9 1.0

(2)  n t
,Z::‘)D"f /2 E4 CN/EHHER
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The Numerical Comparison of SAV Methods for the Allen-Cahn Equation

CHEN Hang, WU Zhe , WENG Zhifeng "
(School of Mathematics Science , Huagiao University, Quanzhou Fujian 362021, China)

Abstract ; The numerical comparison of the Allen-Cahn equation based on the SAV approach is studied in this pa-
per. Firstly , tthe SAV scheme of the one-dimensional Allen-Cahn equation is given. Then, the equations are dis-
cretized by BDF2 and CN for the time direction,and in the spatial direction using the barycentric Lagrange interpo-
lation collocation method and the second-order central difference method ,and DST/FFT are used to solve linear al-
gebraic equations which is derived by the finite difference method. Finally, numerical examples are given to verify
the exponential convergence of the barycentric Lagrange interpolation collocation method. Compared with the differ-
ence scheme, the collocation scheme can achieve high accuracy with fewer points and less time consuming. Several
SAV schemes satisfy the law of energy decreasing.

Key words:scalar auxiliary variables (SAV) ;finite difference ;barycentric Lagrange interpolation collocation meth-

od ; discrete sine transform ;fast Fourier transform

(H=EHE . BalE)



